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Spatial variations of concentrations and temperature across exothermic chemical fronts can initiate
buoyancy-driven convection. We investigate here theoretically the spatiotemporal dynamics arising
from such a coupling between exothermic autocatalytic reactions, diffusion, and buoyancy-driven
flows when an exothermic autocatalytic front travels perpendicularly to the gravity field in a thin
solution layer. To do so, we numerically integrate the incompressible Stokes equations coupled to
evolution equations for the concentration of the autocatalytic product and temperature through
buoyancy terms proportional to, respectively, a solutal RC and a thermal RT Rayleigh number. We
show that exothermic fronts can exhibit new types of dynamics in the presence of convection with
regard to the isothermal system. In the cooperative case !RC and RT are of the same sign", the
dynamics asymptotes to one vortex surrounding, deforming, and accelerating the front much like in
the isothermal case. However, persistent local stratification of heavy zones over light ones can be
observed at the rear of the front when the Lewis number Le !ratio of thermal diffusivity over
molecular diffusion" is nonzero. When the solutal and thermal effects are antagonistic !RC and RT
of opposite sign", temporal oscillations of the concentration, temperature, and velocity fields can, in
some cases, be observed in a reference frame moving with the front. The various dynamical regimes
are discussed as a function of RC, RT, and Le. © 2009 American Institute of Physics.
#doi:10.1063/1.3258277$

I. INTRODUCTION

Density changes across an autocatalytic reaction-
diffusion !RD" front traveling in the gravity field can trigger
buoyancy-driven convection.1 Indeed, chemical reactions can
change the density ! of the solution either by modifying the
total volume of products versus reactants or by releasing or
consuming heat.1–3 These two effects provide, respectively, a
solutal !"!S" and a thermal !"!T" contribution to the total
density change defined as "!=!!products"!!!reactants".
Since no endothermic autocatalytic reactions are known up
to now the thermal contribution "!T#0 is here always nega-
tive as reactions are exothermic. All autocatalytic fronts can
then be classified in two categories depending on whether the
solutal and thermal effects are cooperative !both "!S and
"!T#0" or antagonistic !"!S$0 and "!T#0".2,4

The dynamics of buoyantly unstable exothermic fronts
have been thoroughly studied in the case where the front
travels parallel to the gravity field. In that configuration, the
system is either directly unstable !Rayleigh–Taylor
instability1,2,4" or the competition between antagonistic so-
lutal and thermal buoyancy effects can lead to multicompo-
nent convection !double-diffusive instabili-
ties".4,5 In this case, even though the overall density gradient
is statically stable, convection can set in because of the dif-
ference between heat and mass diffusivities.2,4–7 For ex-
ample, competing solutal and thermal effects in the chlorite-
tetrathionate !CT" reaction can lead to the destabilization of

otherwise stable fronts and to new types of fingering in ver-
tical geometries.4,6–10,36 In the cooperative situation, solutal
and thermal effects are reinforcing each other but can never-
theless lead to new dynamics in vertical geometries where
buoyancy-driven instabilities of initially statically stable
fronts can occur.4,7,11

On the contrary, if the front travels horizontally !perpen-
dicular to the gravity field", any density difference across the
front always leads to buoyancy-induced flows, with the
heavier solution naturally sinking below the lighter one. Ex-
periments have indeed shown that autocatalytic fronts propa-
gating in horizontal tubes can travel faster than in gels1,12–15

and be deformed by convection.14–16,35 In the exothermic
chlorite-thiourea-barium chloride reaction system, convec-
tion has also been shown experimentally to influence the
autocatalytic wave traveling horizontally in a Petri dish open
to air.17–20 Formation of patterns and of thermal plumes is
there certainly influenced by thermal effects. The dynamics
has been qualitatively discussed in terms of coupling be-
tween surface tension-driven !Marangoni" flows and
buoyancy-driven multicomponent convection, via the forma-
tion of convective tori at the wave front. To gain insight into
these intricate front dynamics occurring in horizontal solu-
tion layers, several theoretical works analyzed the influence
on isothermal chemical fronts of pure solutal buoyancy-
driven convection on the one hand21–23 and of pure solutal
Marangoni-driven convection on the other hand.24–28

In this context, the purpose of this article is to address
the additional influence of thermal effects on buoyancy-a"Electronic mail: lrongy@ulb.ac.be and adewit@ulb.ac.be.
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driven convection around exothermic fronts traveling in a
horizontal closed system, i.e., in the absence of interfacial
Marangoni stresses. To do so, we numerically analyze the
dynamics of such fronts when density differences due to both
compositional and thermal changes act across the front to
trigger buoyancy convection. The fact that heat diffuses more
rapidly than mass and the possible competition between an-
tagonistic solutal and thermal buoyancy effects lead to inter-
esting new dynamics in comparison to the isothermal
system.35

To investigate this situation, the incompressible Stokes
equations for the velocity field are coupled through buoy-
ancy terms to the RD-convection !RDC" equations for the
temperature T and the concentration c of the autocatalytic
product of the reaction. The density of the solution is sup-
posed to vary linearly with c and T, which, respectively,
introduces a solutal RC and a thermal RT Rayleigh number.
We first consider the dynamics of cooperative systems where
solutal and thermal effects both contribute to a decrease in
the density during the reaction !solute lighter and hotter
products: RC, RT$0". We next consider a system where the
two effects are antagonistic !RC#0 and RT$0" involving
solute heavier but hotter products. We show that new dynam-
ics can develop both when thermal and solutal effects act
cooperatively or antagonistically. A new oscillatory behavior
occurs for some parameter ranges in the antagonistic regime.
Influence of the solutal and thermal Rayleigh numbers as
well as of the Lewis number, measuring the ratio between
thermal and molecular diffusivity, are investigated.

The article is organized according to the following out-
line. In Sec. II, we present our two-dimensional !2D" model
system and briefly recall the properties of the pure RD fronts.
In Sec. III, the nonlinear dynamics of the exothermic system
is presented and compared with the isothermal results ob-
tained in a previous study.23 Conclusions are drawn in Sec.
IV.

II. MODEL SYSTEM

A. Equations of motion

We consider a 2D thin aqueous solution layer of length
Lx and height Lz, corresponding to a vertical cut in a covered
rectangular channel oriented horizontally in the gravity field
g! with z pointing upwards and x horizontally. The system is
closed at each side and has thus no free surface which ex-
cludes any Marangoni effects. An exothermic autocatalytic
reaction takes place in the solution following the global irre-
versible kinetics, A+2C!3C. When coupled to diffusion,
this kinetics yields a planar RD front of concentration and
temperature separating the reacted and unreacted solutions
and propagating along the x direction. The density of the
products differs from that of the reactants since these two
states correspond to different concentrations and tempera-
ture. The resulting horizontal density gradients across the
front induce convective motions in the solution which in turn
affect the RD dynamics. Therefore, the governing equations
describing the temporal evolution of this system are obtained
by coupling the incompressible Stokes equations in the
Boussinesq approximation !1" and !2" for the evolution of

the 2D velocity field v! = !u ,w" to RDC equations for the
concentration c of the product !3" and for the temperature T
#Eq. !4"$. The chemical production term is taken as f!c"
=kc2!a0!c", where k is the rate constant and a0 is the initial
reactant concentration. This kinetics is able to describe auto-
catalytic chemical systems such as the iodate-arsenous acid
!IAA" redox reaction22,23,29–32 for instance. The density of
the diluted solution !!c ,T" is assumed to be a linear function
of both c and T #see Eq. !5"$. Namely, our model reads

#! p = %#2v! + !!c,T"g! , !1"

#! · v! = 0, !2"

$c

$t
+ v! . #! c = D#2c + f!c" , !3"

!0cp% $T

$t
+ v! . #! T& = &T#2T ! "Hf!c" , !4"

!!c,T" = !0 +
$!

$c
c +

$!

$T
!T ! T0" , !5"

where p denotes the pressure, and g! = !0,!g" is the gravity
acceleration acting along z. The solutal and thermal expan-
sion coefficients $! /$c and $! /$T are assumed constant, and
!0=!!c=0,T=T0" is the density of the initial reactant solu-
tion, with T0 as the ambient temperature before reaction. The
specific heat capacity of the solution cp, its thermal conduc-
tivity &T, its dynamic viscosity %, the reaction enthalpy "H
!negative here because the reaction is exothermic", the mo-
lecular diffusion coefficient D, and the kinetic constant k are
assumed to be constant.

The dimensionless equations are obtained by using the
characteristic scales of the RD system: for time, 'c=1 /ka0

2,
for length, Lc='D'c, for velocity, Uc=Lc /'c='D /'c, and for
concentration, a0. The enthalpy of the reaction leads to an
adiabatic temperature rise "T in the reaction zone from the
ambient temperature T0 before reaction to T0+"T where
"T=!"Ha0 / !!0cp" is positive since the considered autocata-
lytic reaction is exothermic. We define a dimensionless tem-
perature as T!= !T!T0" /"T. The pressure is scaled by pc
=% /'c, so that the dimensionless pressure p!= p / pc. In addi-
tion, we define a new pressure gradient incorporating the
hydrostatic pressure gradient term as #!p"=#!p!!!0Lcg! / pc,
which is used in Eq. !6" where the primes have been
dropped. The dimensionless density is defined as !!= !!
!!0" /!c, where !c= pc /Lcg. The dimensionless governing
equations read

#! p = #2v! + !RCc + RTT"i!z, !6"

#! · v! = 0, !7"

$c

$t
+ v! . #! c = #2c + c2!1 ! c" , !8"
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$T

$t
+ v! . #! T = Le#2T + c2!1 ! c" , !9"

where i!z is the unit vector in the z-direction and the Lewis
number, Le=DT /D, is the ratio between the thermal diffusiv-
ity DT=&T / !!0cp" and the molecular diffusivity D. The di-
mensionless solutal and thermal Rayleigh numbers, RC and
RT, are defined, respectively, as

RC = !
$!

$c

a0Lc
3g

D%
, !10"

RT = !
$!

$T

"TLc
3g

D%
. !11"

The solutal Rayleigh number RC is positive if the product
decreases the density in the course of reaction and negative
otherwise while the thermal Rayleigh number RT is always
positive since the reaction is exothermic !"T$0" and we
work at room temperature !$! /$T is negative for water at
T$4 °C". To avoid any confusion, we will speak here about
solute heavier or lighter when referring to a solutal contribu-
tion to the density difference. The dimensionless density field
is then explicitly obtained as

!!x,z,t" = ! RCc!x,z,t" ! RTT!x,z,t" . !12"

Ahead of the front, the reactants !where c=T=0" have a
dimensionless density !r=0 due to our choice of nondimen-
sionalization, while the dimensionless density of the prod-
ucts behind the front !where c=T=1" is !p=!RC!RT.

Numerical simulations of Eqs. !6"–!9" are carried out in
a domain of dimensionless height Lz and width Lx using the
numerical procedure described in Ref. 23. At each boundary
of the domain we require zero-flux boundary conditions for
the chemical concentration c and the temperature T. Indeed,
we assume that the system is thermally insulated and the
reactor operates adiabatically, therefore neglecting effects of
possible heat losses through the system boundaries.33,34 The
hydrodynamic boundary conditions are rigid walls with no
slip for the vertical boundaries and slip walls for the hori-
zontal boundaries, i.e.,

$c

$x
=

$T

$x
= u =

$w

$x
= 0 at x = 0, x = Lx, !13"

$c

$z
=

$T

$z
= u = w = 0 at z = 0, z = Lz, !14"

The length of the system and slip walls do not influence the
results as long as the reactor length is taken sufficiently long
for the front not to interact with a lateral boundary on the
time of interest.

B. Traveling concentration and temperature fronts

In the absence of flow, i.e., for Rayleigh numbers equal
to zero, the RD equation for the concentration !8", with
v! =0! and boundary conditions c!1 as x!!( and c!0 as
x!+(, admits as solution the following propagating
front:29–31

c!x,t" =
1

1 + e!x!vt"/'2
=

1
2
(1 + tanh%!

'2
4

!x ! vt"&) ,

!15"

where v='2 /2 is the constant RD speed of the front. This
profile connects the kinetically stable product c=1 to the
invaded c=0 solution corresponding to the reactants. The
width wRD of this front, arbitrarily defined as the distance
between c=0.99 and c=0.01, equals wRD=2'2 ln 99*13.

As the reaction is exothermic, the concentration front
generates a heat front traveling at the same RD speed v in-
dependent of the Lewis number. If Le=1, the solution for the
temperature Eq. !9" is the same as for the concentration
equation, i.e., the heat front profile is described by the ana-
lytical solution !15" in the absence of convection. However,
for aqueous solutions, the Lewis number is larger than one
since, in water, heat diffuses faster than mass. To evaluate the
Lewis number Le=DT /D, we use the value of the thermal
diffusivity in water, DT=1.42)10!3 cm2 /s, and two typical
values of the molecular diffusivity: i.e., D=2.0
)10!5 cm2 /s in the IAA reaction,13 and D=1.2
)10!4 cm2 /s in the CT reaction.8 This gives a Lewis num-
ber Le*70 for the IAA system and Le*10 for the CT sys-
tem. For such Le$1, an explicit analytical front solution
cannot be obtained so that a numerical integration of Eqs. !8"
and !9" with v! =0! and zero-flux boundary conditions is used
to obtain the RD temperature profile. Heat diffusing faster
than mass, the width of the temperature front is much larger
than the one of the concentration front as seen in Fig. 1!a".
Typical temperature differences across autocatalytic fronts in
aqueous solutions3,8,13 are between 0.4 and 3 K with a ther-
mal density jump of the same order as the solutal one,
*10!4 g /cm3. Figure 1!b" shows examples of density pro-
files reconstructed from Eq. !12" in the cooperative case with
solutal and thermal Rayleigh numbers of the same magnitude
and sign, i.e., when solutal and thermal effects act coopera-
tively to decrease the density during the reaction. The prod-
ucts located behind the front are solute lighter and hotter
than the reactants so that the density profiles are monotonous
increasing functions along x. Logically, these profiles are
also more spread out when the Lewis number increases.

III. BUOYANCY-DRIVEN FLOWS AROUND
EXOTHERMIC FRONTS

To get insight into the influence of buoyancy-driven con-
vection on the RDC dynamics of exothermic fronts propa-
gating in horizontal solution layers, we numerically integrate
Eqs. !6"–!9" with boundary conditions !13" and !14" and with
steplike functions for c and T as initial condition. The three
important parameters of the problem are the two Rayleigh
numbers, RC and RT, and the Lewis number Le. The role of
the layer thickness on the isothermal buoyancy-driven flow
has been addressed in a previous study.23 There, it has been
shown that the intensity of convection increases with Lz
which is observed to be the case for the thermal situation
too.35 Hence, throughout this paper, we consider a quite thin
layer of one millimeter in thickness, which is more or less
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the width of an autocatalytic chemical front.29 In dimension-
less variables, this corresponds to a fixed Lz=10.

We note that if the Lewis number equals 1, the concen-
tration and temperature fields follow the same solutions and
the solutal and thermal effects are strictly additive. The dy-
namics of an exothermic front characterized by a pair of
Rayleigh numbers !RC ,RT" is in that case identical to the
dynamics of an isothermal front as studied in Ref. 23, char-
acterized by a total effective Rayleigh number equal to the
sum RC+RT. This is true for both cooperative and antagonis-
tic situations. We now examine cases for Le%1.

A. Cooperative effects

The cooperative situation, "!S and "!T#0, corresponds
typically to the case of the IAA reaction.2,4 Both solutal and
thermal Rayleigh numbers are positive and the products are
thus lighter than the reactants since they are both solute
lighter and hotter.

As said above, if Le=1 then the dynamics is the same as
that of isothermal fronts with an effective Rayleigh number
equal to RC+RT. The density difference across the front trig-
gers then for RC+RT$0 an asymptotic dynamics in which a
clockwise rotating vortex deforms the front and travels with
it at a constant faster RDC speed. This vortex is entrained by
the motion of the lighter products rising above the heavier

reactants. The situation is however slightly different when
Le%1. As in the isothermal situation,23 the system still
reaches an asymptotic RDC dynamics characterized by a
steady fluid flow traveling at a constant speed with the exo-
thermic front featuring a steady deformed shape across the
layer. As an example, the temporal evolution toward the
asymptotic regime of c and T is shown in Fig. 2 for equal
solutal and thermal Rayleigh numbers, RC=RT=10, and Le
=5. The temperature and concentration fronts are first de-
formed alike with the heavy and cold reactants sinking below
the light and hot products rising to the top. However, the
temperature front next develops an additional deformation at
the rear where an unexpected stratification of hot products
below a colder intermediate zone between reactants and
products is observed. The front reaches a steady propagating
state after around 40'c–50'c and the asymptotic fluid flow
corresponds to a convection roll localized in the front region
as shown in Fig. 3 with however the presence of a hot spot at
the rear of the front in the bottom part of the layer. This hot
spot is due to a locally higher reaction rate at the location
where the clockwise rotating vortex brings in fresh reactants
in contact with the autocatalytic product.36

Since solutal and thermal effects are cooperative, the
presence of a hot spot at the bottom of the product region
where the concentration is homogeneous corresponds to a
stratification of a lighter solution under a heavier one local-
ized at the rear of the front and propagating at a constant
speed. This locally buoyantly unfavorable stratification is
somehow stabilized and remains steady in the comoving
frame as can be seen in Fig. 3!c" where the density of the
solution has been reconstructed from the asymptotic concen-
tration and temperature fields following Eq. !12".

1. Influence of the Rayleigh numbers

Increasing the Rayleigh numbers at a fixed Lewis num-
ber results for cooperative systems in a larger deformation of
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FIG. 1. !a" Temperature profiles along the direction of propagation x for
different Lewis numbers Le=1, 5, 10, 20, 50, 70, from left to right. The
concentration profile does not depend on Le and is superimposed to the
temperature profile obtained for Le=1. Inset: RD width wT of the tempera-
ture front !defined as the distance between T=0.01 and T=0.99" as a func-
tion of Le. The broken line corresponds to a linear fit to the numerical data,
wT=0.5!Le+1"wT

!Le=1". !b" Density profiles along x reconstructed for the co-
operative case RC=RT=10 and the same values of Le as in !a". During the
reaction, the density evolves from !r=0 for the reactants to !p=!RC!RT for
the products. The arrows indicate the direction of the front propagation.

z

x

g

FIG. 2. Evolution of the concentration !top" and the temperature !bottom"
fronts propagating in the presence of solutal and thermal buoyancy convec-
tion for RC=RT=10 and Le=5, shown from top to bottom from t=0 up to
t=50 with a time interval of "t=5. The concentration and temperature fields
are shown on a gray scale between black corresponding to the hotter prod-
ucts and white for the colder reactants. The length of the integration domain
is equal to Lx=512 and the initial condition is localized at x=100. In this
figure, the aspect ratio between Lx=300 !we only show 300Lc out of 512Lc
to focus on the reaction zone" and Lz=10 is preserved.
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the front across the layer, a stronger fluid flow, and a larger
propagation speed of the RDC structure, similarly to the iso-
thermal case.23 For a fixed sum RC+RT and Le$1, the
buoyancy-induced convection and the corresponding effects
of convection on the front properties become smaller when
the relative influence of the thermal versus solutal effects
increase !increasing RT /RC". Indeed, as the temperature front
is wider than the concentration one, the resulting gradient in
density for a same value of the total Rayleigh number is then
smaller. The hot spot traveling with the exothermic front in
the asymptotic regime is always localized in the bottom part
of the layer !cf. Fig. 3" and its amplitude is proportional to
the ratio RC /RT rather than to the intensity of convection.

2. Influence of the Lewis number

In the cooperative case, the system dynamics evolves for
every Le studied here !1*Le*70" toward a steady regime,
reached after 50'c and featuring a deformed front propagat-
ing at a constant speed and surrounded by a steady fluid
vortex. Figure 4 presents four properties of the system char-
acterizing the asymptotic regime for various Lewis numbers.
The deformation of the front by convection is quantified by
the mixing length of the concentration front, Wc, and of the
temperature front, WT, respectively, defined as the distance
between +c!x , t",=0.01 and +c!x , t",=0.99 and between
+T!x , t",=0.01 and +T!x , t",=0.99, i.e., between the tip and
the rear of the corresponding transversely averaged profile

+c!x,t", =
1
Lz
-

0

Lz

c!x,z,t"dz , !16"

+T!x,t", =
1
Lz
-

0

Lz

T!x,z,t"dz . !17"

V is the constant RDC propagation speed of both fronts and
has been obtained by measuring the slope of the position of
the tip of each front as a function of time. umax is the hori-
zontal velocity u with maximum intensity in the asymptotic
RDC regime.

The intensity of convection decreases with Le since
wider temperature fronts give rise to smaller density gradi-
ents and hence smaller induced fluid velocities. As a result,
the deformation of the concentration front quantified by Wc
and the propagation speed V are both reduced when Le in-
creases. However, the impact of Le on these asymptotic
properties is not strong since multiplying Le by 70 only cor-
responds to a decrease of 14% in umax and 10% in Wc and V.
Furthermore, the strongest decrease occurs at small Lewis
numbers while for Le+10, these properties are nearly con-
stant.

On the contrary, the mixing length of the temperature
front, WT, is much more affected by the Lewis number #see
Fig. 4!a"$. First we note that there is a value of Le !between
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FIG. 3. Focus on the convection roll of Fig. 2 traveling with the deformed
front and superimposed on the concentration field !a" and temperature field
!b", for the cooperative case RC=RT=10 and Le=5. These figures are shown
at t=100 and represent the solute lighter and hotter products, c=T=1, in red
invading the solute heavier and colder reactants, c=T=0, in blue. The maxi-
mum temperature, T=1.04, is the temperature of the hot spot at the rear of
the front and is shown in dark red. The z-direction has been magnified in
order to see the details of the velocity field. !c" Focus on the density field in
the reaction zone shown at t=100 for the same parameters as in !a" and !b".
The density ranges from its minimum value, !min=!20.2, in red to its maxi-
mum value, !max=0.0, in blue. The dashed lines have been added to high-
light the hot spot at the rear of the front.
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FIG. 4. Asymptotic values of !a" the RDC mixing lengths, Wc and WT, of
the concentration and temperature fronts, respectively, !b" nonlinear RDC
propagation speed V, and !c" horizontal velocity with maximum intensity
umax as a function of the Lewis number for the cooperative case RC=RT
=10.
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5 and 10" for which the deformation of the temperature front
is minimum. The presence of this minimum comes from two
opposite tendencies when Le increases: !i" a larger thermal
diffusion coefficient DT gives rise to wider fronts and hence
larger WT; !ii" consequently smaller density gradients and
hence smaller convection result in a less pronounced defor-
mation of the front and thus smaller WT. For Le+10, the
diffusive effect is stronger than the convective one and the
mixing length therefore increases with Le. For large Lewis
numbers, the RD width of the thermal front in the absence of
flow much exceeds the deformation generated by convection
#compare the width wT of the RD thermal front in Fig. 1!a"
with the convection-induced deformation WC of the concen-
tration front in Fig. 4!a"$ so that the mixing length is no
longer a measure of the front deformation across the layer
but rather measures the width of the front. Furthermore, for
large Lewis numbers, diffusion smoothes out the vertical gra-
dients induced by convection with the result that the tem-
perature front is nearly flat. In those cases, convection causes
an important sharpening of the front, for example, WT=129
for Le=70 with convection against 456 in the absence of
convection.

For all the Lewis numbers considered here !1*Le
*70" except for Le=1, a hot spot is present in the RDC
dynamics at the rear of the front in the bottom of the layer.
Its intensity is maximum between Le=1.5 and Le=5 and
decreases with large Lewis numbers since diffusion tends to
smooth it out. Oppositely to the case shown in Fig. 3!c" for
Le=5, the presence of a hot spot in the bottom of the layer
does not give rise to a stable stratification of a heavy solution
on top of a lighter one for Le+20 since it is compensated by
a less concentrated region near the layer bottom.

We end this section by noting that the buoyancy-driven
flow field is identical for Le=1, RC=RT=10, and for Le%1,
RC=20, RT=0 since both of them correspond to the isother-
mal situation with a Rayleigh number equals 20. However, in
the first case, the temperature field is the same as the con-
centration one while in the second case, there is a region in
the bottom of the layer where T exceeds one. A Lewis num-
ber larger than one !DT$D" is therefore a prerequisite to the
existence of a hot spot even if the contrary would have been
expected for a faster diffusing variable.

B. Antagonistic effects

The antagonistic situation, "!S$0 and "!T#0, corre-
sponds typically to the case of the CT reaction4,8,9 and in-
volves solute heavier but hotter products characterized by a
negative solutal Rayleigh number and a positive thermal one.

The most striking feature of the antagonistic case is the
time dependence of the asymptotic dynamics when .RT. is
sufficiently larger than .RC.. Competing solutal and thermal
effects can then lead to an oscillating dynamics in a frame
propagating at a constant speed V as shown in Figs. 5–8,
which show the concentration and temperature dynamics and
the corresponding oscillating velocity field at different times
of one oscillation period. The mechanism of these oscilla-
tions can be understood as follows. For the parameter values
of Figs. 5–8, the solute heavier products are hot enough to be

initially lighter than the reactants and the density to be an
increasing function of x. Therefore, the less dense products
rise on top of the layer resulting locally in a stratification of
a lighter solution on top of a heavier one at the tip of the
front. However, as heat diffuses faster than mass, these prod-
ucts on top rapidly cool down which leaves locally solute
heavier products above reactants. These products therefore
start to sink in the gravity field, forming the descending
tongue observed in Figs. 5, 7, and 8. On the contrary, the

FIG. 5. Oscillatory propagation of the concentration front in the presence of
competing solutal and thermal buoyancy effects for RC=!10, RT=15, and
Le=5 shown from top to bottom from t=0 up to t=60 with a time interval
of "t=3 !V=1.50". The initial condition is at x=100 and the aspect ratio
between Lx=256 and Lz=10 is preserved.
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FIG. 6. Concentration profiles along x at z=Lz /2 from t=0 up to t=60 with
a time interval of "t=3 between two successive curves, for RC=!10, RT
=15, and Le=5. The dot-dashed curve is the initial condition and the cycle
of color is repeated for each oscillation.
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reactants which are already solute lighter than the products
are heated up and rise behind the sinking tongue of products
as shown in the first three images of Fig. 8. These reactants
find themselves surrounded by products in a region where
the autocatalytic reaction is therefore enhanced. They are
thus swiftly converted into products !see the last two images
of Fig. 8" restoring a less deformed interface between reac-
tants and products. The globally lighter products then rise
again in the gravity field and the previous cycle repeats itself.
The system rapidly reaches a dynamical state propagating at
a constant speed V more than twice the RD speed. The front
deformation repeats itself with a period of 15'c !see Fig. 6"
and we note that the velocity field is made of several con-
vection rolls. Figure 7 shows that the temperature field also
presents an oscillating dynamics but is however less affected
than the concentration field. Experimentally a similar behav-
ior called “rolling chemical wave,” in which periodic con-
vective motion of the tip of the front occurs in horizontal
solution layers, has been observed with the autocatalytic
chlorite-thiosulfate12 and CT !Ref. 35" reactions in which
solutal and thermal effects are competing.

1. Influence of the Rayleigh numbers

Let us first discuss the conditions on the Rayleigh num-
bers for this oscillatory dynamics to be observed, fixing the
Lewis number to Le=5 and the solutal Rayleigh number to
RC=!10. As long as the thermal Rayleigh number is smaller
than the solutal one !.RT.# .RC.", the density of the products
!p=!RC!RT$0 #cf. Eq. !12"$. The products are then glo-

bally heavier than the reactants with density !r=0 and sink
below them, giving rise to a steady propagating deformed
front with constant shape35 as seen in Fig. 9 for RT=5. The
thermal front is logically more spread out than the concen-
tration front. There are three successive regions in the sys-
tem, the first one behind the front corresponds to hot prod-
ucts, then the region of the front is constituted by cooled
products below heated reactants due to the faster diffusion of
heat, and lastly, the colder reactants at room temperature
ahead of the front. Figure 10 shows the corresponding den-
sity and fluid velocity fields. We see that the maximum den-
sity corresponds to the solute heavier and cooled products at
the bottom layer in the front deformation zone while the
lightest solution is the solute lighter and heated reactants on
top of them.

If .RT.= .RC., the solute heavier but hotter products have
the same density !p=0 as the solute lighter reactants at room
temperature !!r=0". However, for Le$1, heat diffuses out
of the products faster than mass near the front. The products
which become locally rapidly heavier than the reactants
therefore sink below them35 giving rise to the same
asymptotic situation as in Figs. 9 and 10. For Le=5 and
RC=!10, RT$13 is needed to overcome this phenomenon

FIG. 7. Propagation of the temperature front for the same parameters as in
Fig. 5.
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FIG. 8. Focus on the oscillating fluid velocity field traveling at a constant
speed with the concentration front for RC=!10, RT=15, and Le=5. The
structures are shown at t=33, 36, 39, 42, 45, top to bottom and correspond
to zooms on Fig. 5. The hot but solute heavier products, c=1, are shown in
black invading the cold but solute lighter reactants, c=0, shown in white.
The z-direction has been magnified in order to see the details of the velocity
field but the velocity vectors are displayed at the same scale in the five plots.
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and to allow the products to stay globally lighter than the
reactants long enough to rise on top of them and induce an
oscillatory mechanism as depicted above.35 The oscillation is
superimposed on the deformation of the front across the
layer !products on top of reactants", and the larger the ther-
mal Rayleigh number, the more important the convection
thereby resulting in a larger deformed front. The interface
between reactants and products becomes nearly horizontal
due to the large convective motions. Therefore, even if the
products are initially much hotter and thus much lighter than
the reactants !RT,10", oscillations can still occur because of
the large horizontal extent of the interface across which heat
can diffuse.

In both the steady and the oscillating regimes, the

asymptotic properties !mixing lengths, constant propagation
speed, and maximum fluid velocity" take smaller values
when RT gets closer to the threshold value between the two
regimes. Eventually we note that similarly to the cooperative
case, zones where the temperature exceeds the adiabatic
value T=1 !hot spots" are still observed but are localized
near the surface in the steady regime and everywhere across
the layer in the oscillating regime. They are reminiscent of
hot spots measured experimentally during fingering of the
CT reaction in vertical systems.36

2. Influence of the Lewis number

As previously explained, the hot but solute heavier prod-
ucts rapidly lose their heat near the reaction front and sink
below the reactants if the thermal Rayleigh number is not
large enough compared to the solutal one !RT#13 for RC=
!10 and Le=5". Since increasing the Lewis number corre-
sponds to a larger diffusivity of heat, a larger difference be-
tween the thermal and solutal Rayleigh numbers is therefore
needed to observe the oscillating dynamics. For example, an
exothermic front characterized by RC=!10 and RT=15 pre-
sents an oscillating dynamics in the comoving frame for Le
=5 !cf. Figs. 5–8" but the dynamics is steady for Le+10. If
we increase the difference between the Rayleigh numbers,
the dynamics becomes oscillatory again. Indeed, fronts char-
acterized by Le=10 and both RC=!10, RT=20 or RC=!5,
RT=15 present oscillations in the comoving frame similar to
the ones shown in Figs. 5–8.

Finally, the value of the asymptotic properties of the
front, in both the steady and oscillating regimes, are increas-
ing functions of the Lewis number oppositely to the coop-
erative situation. Indeed, for a same density jump between
hot solute heavier products and cold solute lighter reactants,
the intermediary reaction zone characterized by cold prod-
ucts beneath hot reactants !cf. Fig. 10" presents an even
larger density difference when heat diffuses faster. The den-
sity gradients are of course more spread out but the major
effect is the increase in the density difference arising from
the fact that the products are more cooled down and the
reactants more heated up when Le increases !see Fig. 11
showing density profiles on short times for RC=!10 and
RT=5". For an oscillating situation as presented in Figs. 5–8,
increasing the Lewis number results in a disappearance of
the oscillations and the attainment of a steady regime.

IV. CONCLUSIONS

We have numerically characterized the influence of ther-
mal effects on the nonlinear dynamics of exothermic auto-
catalytic chemical fronts propagating horizontally in the
presence of buoyancy-driven convection induced by concen-
tration and temperature gradients across the front. In the iso-
thermal situation, the system attains an asymptotic dynamics
characterized by a steady fluid vortex traveling at a constant
speed with the deformed front.23 We have here considered
the influence of heat effects on such dynamics when the den-
sity difference across the front results from both a solutal
contribution "!s related to compositional changes in the
course of reaction and a thermal contribution "!T always

FIG. 9. Propagation of the concentration !top" and temperature !bottom"
fronts in the presence of competing solutal and thermal buoyancy effects for
RC=!10, RT=5, and Le=5 shown from top to bottom from t=0 up to
t=50 with a time interval of "t=5. The initial condition is at x=100 and the
aspect ratio between Lx=256 and Lz=10 is preserved.
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FIG. 10. Fluid velocity field in the front region superimposed on the density
field shown at t=100 for the same parameters as in Fig. 9. As the density of
the solution !=!RCc!RTT, the cold but solute lighter reactants !c=0=T"
have a density !r=0.0 while the hot but solute heavier products !c=1=T"
have a density !p=5.0. The density extrema exceed these values since, in the
deformation zone, the heated reactants !c*0,T$0" have an even smaller
density, and the cooled products !c*1,T#1" a still larger one. The density
ranges indeed here from its minimum value, !min=!1.24#!r, situated at the
surface !heated reactants" shown in black to its maximum value, !max
=6.99$!p, situated at the bottom !cooled products" shown in white. As
previously done, the z-direction has been magnified in order to see the
details of the velocity field.
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negative for exothermic autocatalytic reactions. Important
changes are observed in the dynamics of exothermic systems
with regard to the isothermal one. We have investigated two
different situations: the first one where the solutal and ther-
mal effects act cooperatively to decrease the density of the
solution during the reaction, and the second one where they
act antagonistically.

The difference between mass and heat diffusivities leads
to new behaviors of the system even in the case of coopera-
tive effects !hotter and solute lighter products" where, for
some parameter range, we observe hot spots and a stabiliza-
tion of a heavier solution on top of a lighter one at the rear of
the front. The cooperative situation always leads to a steady
asymptotic dynamics in a reference frame moving at a con-
stant speed with the front. On the contrary, in the case of
antagonistic effects !hotter but solute heavier products", a
new oscillatory dynamics is observed when the overall den-
sity of the products is sufficiently smaller than that of the
reactants i.e., .RT. is sufficiently larger than .RC. for a fixed
Lewis number. Temporal oscillations of the concentration,
temperature, and velocity fields can then occur in a frame of
reference still moving at a constant speed with the front.

An interesting perspective would be to study the influ-
ence of the heat losses through the walls of the reactor on the
dynamics of these exothermic fronts. Such heat losses have
indeed been shown to affect the stability properties and non-
linear RDC dynamics of similar exothermic fronts propagat-
ing in vertical Hele-Shaw cells.33,34,36
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FIG. 11. One-dimensional density profiles along x plotted at the bottom of
the layer !z=0" for RC=!10, RT=5 and various Lewis numbers !t=5". The
density of the hot but solute heavier products !globally heavier" far behind
the front is equal to !RC!RT=5 and the density of the cold but solute lighter
reactants !globally lighter" is equal to 0 far ahead of the front. The density
minimum corresponds to heated reactants !lighter than reactants at room
temperature way ahead of the front" and the density maximum corresponds
to cooled products !heavier than products way behind the front".
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