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Abstract. Can we exploit hydrodynamic instabilities to trigger an effi-
cient, selective and spontaneous flow of encapsulated chemical informa-
tion? One possible answer to this question is presented in this paper
where cross-diffusion, which commonly characterizes compartmental-
ized dispersed systems, is shown to initiate buoyancy-driven hydrody-
namic instabilities. A general theoretical framework allows us to predict
and classify cross-diffusion-induced convection in two-layer stratifications
under the action of the gravitational field. The related nonlinear dynam-
ics is described by a cross-diffusion-convection (CDC) model where fick-
ian diffusion is coupled to the Stokes equations. We identify two types
of hydrodynamic modes (the negative cross-diffusion-driven convection,
NCC, and the positive cross-diffusion-driven convection, PCC) corre-
sponding to the sign of the cross-diffusion term dominating the system
dynamics. We finally show how AOT water-in-oil reverse microemulsions
are an ideal model system to confirm the general theory and to approach
experimentally cross-diffusion-induced hydrodynamic scenarios.

Keywords: Transport of chemical information · Compartmentaliza-
tion ·Water-in-oil reversemicroemulsions ·Buoyancy-driven instabilities ·
Cross-diffusion ·Multi-components systems

1 Introduction

The compartmentalization of chemical systems plays a central role in generating
unexpected novelties and emergent dynamical behaviors. Many self-assembled
matrices including micelles [11,12], lipid vesicles [20] and microemulsions [25]
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have been extensively studied as model systems for mimicking biological cellu-
lar environments and related complex intra- and inter-dynamics. The spatial
confinement of chemical species can affect the global dynamics of a system
by changing drastically the diffusive transport inside and across the confined
domains and also inducing a catalytic effect in the chemical reactivity [22]. For
these characteristics, dispersed media have often been studied in combination
with nonlinear oscillatory kinetics to approach collective behaviors, communica-
tion and synchronization dynamics in networks of coupled inorganic oscillators
[6,13,16,19,21].

In this context, the AOT (sodium bis(2-ethylhexyl)sulfosuccinate Aerosol
OT) water-in-oil reverse microemulsions (ME) are one of the most investigated
systems. ME are liquid mixtures of an organic solvent (more often termed oil)
in which water domains surrounded by a surfactant (AOT) can form a ther-
modynamically stable dispersion (see Fig. 1). In particular, under the percola-
tion threshold, ME appear at the nano-scale as dispersed spherical or elongated
droplets where the surfactant constitutes a sort of membrane with the hydropho-
bic part oriented towards the outer organic phase and the hydrophilic heads in
contact with the inner aqueous phase segregated into the droplet. In this situa-
tion, the water core of the ME can be conveniently used to dissolve hydrophilic
molecules or reactants and become a suitable tool for nano-synthesis, drug deliv-
ery or for studying chemical communication [6,8]. The oscillatory Belousov-
Zhabotinsky (BZ) reaction has been thoroughly studied in ME. Here BZ reagents
are solubilized in the water core of AOT-coated nano-droplets to create a great
amount of nano-oscillators, which dynamics is coupled via some active intermedi-
ates of the BZ system able to cross the hydrophobic membrane of the surfactant
and act as messengers among the confined water domains. Microemulsions are
also important in the realm of reaction-diffusion-driven pattern formation. Tur-
ing structures and other exotic dissipative structures have been found when ME,
loaded with reactants of the BZ system, are studied in spatially extended reac-
tors [7,24]. Thanks to the selective permeability of the surfactant barrier with
regard to the BZ species, this system sustains differential diffusion and can meet
the requirements for a Turing instability with the slow diffusion mode involving
the activator of the BZ oscillator (which moves with the droplets), while the
hydrophobic inhibitor, free to move alone through both the oil and the aqueous
phase, presents a diffusion coefficient two orders of magnitude larger than the
activator.

Cross-diffusion, whereby a flux of a given species entrains the diffusive trans-
port of another species, is also an important process which takes place in ME
systems. Measurements of cross-diffusion coefficients in ternary AOT microemul-
sions (H2O (1)/AOT (2)/oil) revealed that the cross-diffusion coefficient D12,
which describes the flux of water induced by a gradient in the surfactant con-
centration, can be significantly larger than both D11 and D22, i.e. the main dif-
fusion coefficients of water and AOT, respectively [9,10]. The crucial influence
of cross-diffusive contributions in terms of pattern formation has been proved in
non-reactive and reactive spatially distributed systems, both theoretically [26,27]
and experimentally [4,14]. Thus, the constraints imposed to diffusive transport
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Fig. 1. Sketch of AOT water-in-oil reverse microemulsions.

by compartmentalization at a microscopic scale impact emergent behaviors at
a macroscopic characteristic length. Apart for reaction-diffusion patterns, such
variety of diffusive modes can trigger hydrodynamic instabilities, when buoyancy
forces are at play [23]. Convection is the most efficient spontaneous transport
mechanism and can be suitably engineered to enhance spatial spreading of chem-
ical information encapsulated into droplets in response to initial concentration
gradients.

With this perspective, we review our recent work where ME are presented
as a convenient model system for inducing cross-diffusion-driven hydrodynamic
flows in double-layer systems. We first present a general modeling and theory
on buoyancy-driven convection promoted by cross-diffusion and we successively
study experimentally convective patterns occurring when two ME are stratified
in a Hele-Shaw cell [2,3].

2 Theory

Consider a two dimensional vertical slab of width LX and height LZ in a (X,Z)
reference frame, where the gravitational acceleration ḡ = (0,−g) is oriented
downwards along the Z axis. The solution T of density ρT , containing the solute
h with the initial concentration CT

h,0 and the solute j with concentration CT
j,0

is placed on top of the solution B, with concentration CB
h,0 = CT

h,0, C
B
j,0 > CT

j,0

and density ρB > ρT (see sketch in Fig. 2). In other words, the species h is
homogeneously distributed over the spatial domain, while the concentration of
the species j increases downwards the gravitational axis.
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Fig. 2. Sketch of the two-dimensional initial stratification used to study cross-diffusion-
driven convection. The initial concentration profiles of the chemical solutes result in a
step function density distribution.

The resulting double-layer stratification is stable to classical Rayleigh-Taylor
or buoyancy-driven instabilities due to differential diffusion mechanisms, such
as double-diffusion or double-layer-convection scenarios, and thus it is ideal to
isolate the pure effect of cross-diffusion on the system stability.

Before the onset of an instability, we can assume that the flow is at rest and
that the concentration profiles of the species do not vary along the horizontal x
direction. The initial evolution of the concentration fields can be thus followed
along the vertical coordinate z and described by means of the dimensionless
cross-diffusion equations

∂τ cj = ∇2cj + δjh∇2ch (1)
∂τch = δhj∇2cj + δhh∇2ch (2)

where the spatial and the time variables are scaled by L0 and t0 = L2
0/Djj ,

respectively and Djj is the dimensional main diffusivity of the heterogeneously
distributed species. The concentration fields are non-dimensionalized by the ref-
erence ∆Cj,0 =(CB

j,0 −CT
j,0) according to (cj , ch) = (Cj −CT

j,0, Ch −CT
h,0)/∆Cj,0,

and δhh = Dhh/Djj is the ratio between the main molecular diffusion coefficient
of solute h to that of j. Similarly, (δjh, δhj)=(Djh,Dhj)/Djj .

Possible cross-diffusion feedbacks on the dynamics are measured in the matrix
δ and, in particular, due to the sharp initial gradient imposed to the concen-
tration profile cj(z, 0), the off-diagonal term δhj dominates the initial part of
the dynamics while the other cross-diffusivity, δjh, plays a negligible role. If δhj
is positive, the species j, free to diffuse from the bottom to the upper layer in
response to its initial concentration gradient (Fig. 3(a)), generates a co-flux in h
and, as a result, the initially flat concentration profile ch(z, τ) develops a non-
monotonic shape with a local maximum and minimum symmetrically located
above and below the initial interface, respectively (Fig. 3(b)). By contrast, the
propagation of solute j towards the upper layer triggers a counter-flux in h if
δhj is negative. In the concentration profile ch(z, τ) this produces in time a local
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depletion area in the upper layer and an accumulation just below the initial
interface located at z0 = LZ/(2L0) (Fig. 3(d–e)). We clearly observe an inver-
sion in the morphology of the non-monotonic profiles when switching from a
positive to a negative δhj and the relative intensity of the extrema along the
non-monotonic profiles reflects the magnitude of this term.

The non-monotonic concentration profiles triggered by cross-diffusion in
species h can drastically impact the density distribution along the gravitational
axis. The density profile can be computed as a Taylor expansion of the concen-
tration fields according to

ρ(z, τ) = cj(z, τ) +Rch(z, τ) (3)

where the buoyancy ratio

R =
αh

αj
(4)

Fig. 3. Typical spatio-temporal evolution of the dimensionless concentration profiles
cj(z, τ) and ch(z, τ) when δhj > 0 (4.70) (panels (a) and (b)) or δhj < 0 (−0.01) (panels
(d) and (e)); panels (c) and (f) show the corresponding dimensionless density profiles
computed by means of Eq. 3, with R = 0.5 and 100, respectively. In each panel black
lines describe the initial distribution of the species, while red and blue profiles depict
the spatial concentrations at successive times (Colour figure online).
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quantifies the relative weight of the initially homogeneous species, h, to the
global density with respect to species j, featuring the initial concentration jump.
In Eq. (3), αj = 1

ρT
∂ρ̃

∂Cj
and αh = 1

ρT
∂ρ̃

∂Ch
the solutal contributions of the species

j and h, respectively, to the dimensional density ρ̃.
When the contribution to the density of the initially homogeneous species is

dominant, the shape of ch(z, τ), will be reflected in the spatio-temporal evolution
of the density profile ρ(z, τ). Under the action of the gravitational field, non-
monotonic density profiles are at the basis of convective instabilities (see Fig. 3(c)
and (f)), whereby denser areas of a fluid locally overlies less dense zones.

By analyzing the morphology of a density profile along the gravitational axis
we can, thus, predict conditions for the onset of cross-diffusion-driven hydrody-
namic instabilities together with the topology of the resulting patterns [2,3,23].
In recent work [1], it has been demonstrated that conditions for a convective
instability are met when

R >

√
δhh(1 +

√
δhh)

|δhj |
(5)

and the sign of δhj discriminates the domains where Positive Cross-Diffusion-
Driven Convection, PCC scenarios (δhj > 1) or Negative Cross-diffusion-driven
Convection, NCC scenarios (δhj < 1) are to be expected. In particular, in
PCC scenarios, starting from an initially stable condition in which the density
increases downwards the gravitational axis, the density profile changes in time
developing a density maximum overlying a density depletion area across the
initial interface between the two layers. This results in a fingered deformation
of the interface, like in the classical double diffusion (DD) instability [5,23].
NCC profile is reminiscent of typical density profiles characterizing diffusive
layer convection (DLC) scenarios where convective modes grow in the upper
and the lower layer, without deforming the initial contact line between the two
stratified solutions [5,23].

In order to confirm the theoretical results obtained from the density-profile-
based analysis and to obtain a spatio-temporal picture on the cross-diffusion-
driven convection phenomenology, it is necessary to solve the full nonlinear
problem in which Fickian equations are coupled to Stokes equations (for details
see [1]):

∂τ cj + (v · ∇)cj = ∇2cj + δjh∇2ch (6)
∂τch + (v · ∇)ch = δhj∇2cj + δhh∇2ch (7)

∇p = ∇2v − (Rch + cj) 1z (8)
∇ · v = 0 . (9)

The CDC equations are derived in the dimensionless form by introducing the
set of scaled variables {τ = t/t0, (x, z) = (X,Z)/L0, (cj , ch) = (Cj − CT

j,0, Ch −
CT

h,0)/∆Cj,0, v = V/v0, p = P/p0}, where the scales of the velocity v and the
pressure p are defined as v0 = L0/t0 and p0 = µ/t0, respectively.
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By solving Eqs. (6–9) through the Alternating Direction Implicit Method
(ADI), we can obtain an overview on the dynamics of the two possible instabil-
ities. Simulations are run by using no-flux boundary conditions for the concen-
tration field of the chemical species at the four solid boundaries of the squared
spatial domain while no-slip boundary conditions are imposed for the velocity
field. Figure 4 shows the dynamical destabilization of the two-layer interface due
to a PCC mechanism (panel (a)) and a typical NCC scenario (panel (b)). The
snapshots illustrate the spatio-temporal evolution of the instabilities by mapping
the vorticity ω(x, z, τ) = ∇×v over the simulation spatial domain. In both cases,
the unstable area starts from the border of the spatial domain where a numerical
perturbation can break the symmetry and extends along the horizontal direc-
tion. As convective fingers form, they grow vertically along the gravitational axis.
Delayed forming fingers show an apparent drifting towards the side where the
instability nucleates, attracted by residual flows and progressively merge with
pre-existing fingers.

The PCC scenario is induced by the positive cross-diffusion term δhj when
the buoyancy ratio R meets the requirement of Eq. (5). As previously shown in
Fig. 3(a) and (b), solute j diffuses form the bottom to the upper layer due to
the initial gradient and triggers a non-monotonic distribution of ch(z, τ), thus
inducing a local density maximum over a minimum downwards z, symmetrically
located around z0 (Fig. 3(c)).

Again, when Eq. (5) is satisfied, a negative cross-diffusion coefficient δhj ini-
tiates a NCC-type convective pattern. Here the motion of solute j sustains
the non-monotonic concentration profile ch(z, τ) shown in Fig. 3(e). During the
development of the instability the initial interface is not deformed because of
the formation of the density maximum located below the initial interface, which
acts as a density barrier preventing the finger growth from the top to the bottom
layer (Fig. 3(f)).

Fig. 4. Typical spatio-temporal evolution of a PCC (upper panel) and a NCC (lower
panel) instability. The PCC scenario is obtained with δhj = 4 and R = 0.5 while
the NCC scenario with δhj = −0.01 and R = 100. These values are inspired from
microemulsions data.
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3 Experiments

As mentioned in the introduction, microemulsions show non-negligible cross-
diffusion due to compartmentalization which can be characterised by means of
the Taylor dispersion technique [2,3,14,15]. In a wide range of the ME compo-
sition the diffusion matrix D presents a large and positive cross-diffusivity D12

relating the motion of the water (species 1) to the flux of the surfactant (species
2) while a small negative cross-diffusion D21 quantifies the effect of water motion
on AOT diffusion:

D =
!

0.6 7.8
−0.01 1.3

"
× 10−6cm2 s−1 (10)

Thus, ME represent a good model to test the existence of PCC and NCC,
depending on the initial gradient imposed either in the concentration of water
or AOT.

The most convenient reactor for studying convective dynamics at the inter-
face between two ME of different compositions consists of a vertically ori-
ented Hele-Shaw cell, composed of two borosilicate glasses separated by a teflon
spacer of 0.10mm (see Fig. 5) [2,3,18]. Two different water-in-oil (W/O) reverse
microemulsions were filled in the reactor through the inlet ports positioned at the
top and the bottom of the cell. The excess of the solutions is pumped out through
the cell’s outlets until a flat interface between the two liquids is obtained. Each
of the two microemulsions having different composition initially occupies half of
the reactor height. The top and bottom solutions are prepared by using distilled

Fig. 5. Sketch of a Hele-Shaw cell.
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water and a concentrated AOT in octane stock solution, conveniently diluted
until the desired composition is reached. The dynamics of the interface is gener-
ally monitored by using a schlieren technique [17], which allows to observe the
gradients in the refractive index between the two microemulsions, due to their
density differences and, therefore, monitor the convective motions in solutions
without the presence of dyes.

In all experiments the ME located in the bottom is denser than the one on
the top, thus the system is initially stable towards buoyantly driven instabilities.
Thanks to the presence of a negative and a positive cross-diffusion term, we
can explore both the negative (NCC) and positive (PCC) cross-diffusive-driven
instability by imposing a concentration jump in water or AOT, respectively.
For the negative cross-diffusive case, theoretically described by the Fig. 3(d–f)
and Fig. 4(b), the two ME are prepared as to have [AOT] initially constant
everywhere, while the ME on the top has less water than that placed below. For
a certain range of ∆H2O, depending on the experimental conditions, the initially
stable configuration becomes unstable after few minutes from the beginning of
the experiment. As an example, Fig. 6(a) shows the appearance of convective
vortices localized in the top and in the bottom layer at symmetric distances

Fig. 6. Typical examples of cross-diffusion-driven instabilities obtained with
microemulsions. (a) Three snapshots taken at t = 0, 700 and 1200 s displaying the
evolution of the NCC mode obtained with ∆H2Obottom−top ≃ 1 M. (b) The PCC
scenario is obtained with ∆AOTbottom−top ≃ 0.05 M.
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above and below the unperturbed interface, when ∆H2O ≃ 1 M. This compares
favourably with the classification and the spatio-temporal dynamics shown in
the theoretical section.

In order to induce a positive cross-diffusive-driven convective instability, the-
oretically described by the Fig. 3(a–c), the initial composition of the two ME has
to be the other way around respect to the NCC case: [H2O] is constant through-
out the upper and the lower layers, while [AOT] is larger in the bottom ME.

Again, for a certain interval of ∆[AOT] the interface between the two ME can
be destabilised, and in this case it deforms into fingers that grow vertically and
symmetrically with time across the interface (see Fig. 6(b)). These structures are
successfully predicted by the analysis of the density profile obtained from the
cross-diffusion model in analogous conditions and the phenomenology favourably
compares with nonlinear simulations.

As a proof of concept, the PCC scenario has also been investigated in
microemulsions when a further solute is dissolved in the water core of the bottom
solution. It was shown, in fact, that water-soluble molecules, when dissolved in
ME, induce a large and positive co-flux both in the AOT and in the H2O [15].
Figure 7 shows the appearance of convective fingers, which grow upwards and
downwards around the interface, in a system where KMnO4 has been added to

Fig. 7. Panels (a)–(c) show the spatio-temporal evolution of the interface between
two stratified identical MEs, where the bottom one also contains the water soluble
species KMnO4. The snapshots are taken at 0, 300 and 600 s after the beginning of the
experiment, respectively. The panel on the right describes the evolution of the density
profile obtained by solving the diffusion Eqs. (1–2) for a 3-components system. The
profiles a,b,c in the right panel describe the density distribution along the gravitational
axis at the time corresponding to panels (a), (b) and (c), respectively.
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the bottom ME. The composition of the two ME is such that no gradients are
present in the concentrations of the water and the surfactant; in this configu-
ration the interface is initially stable since the bottom solution is denser than
the top one (Fig. 7(a)). However, the flux of KMnO4 triggers the motion of a
large quantity of H2O and AOT molecules since both cross-diffusion terms are
large and positive. Therefore, when KMnO4 diffuses from the bottom to the
upper layer, it drags along both H2O and AOT molecules thus generating a
non-monotonic density distribution around the contact line, destabilising the
initially stable system (Fig. 7(b) and (c)). Even in this case, the evolution of the
density profile has been reconstructed by integrating the Fickian Eqs. (1–2) for a
3-components system and combining it to the state Eq. (3). The resulting graph
depicted in the right panel of Fig. 7 shows how the system undergoes a typical
PCC scenario.

4 Conclusions

In this work we have presented a proof of concept that, by inducing convective
transport, cross-diffusion can promote an efficient way to transport of spatio-
temporal information in response to specific chemical gradients. We have shown
how cross-diffusion-driven convection can be isolated and controlled in double-
layer stratifications in the gravitational field. Furthermore, the resulting instabil-
ity scenarios have been described in a general theoretical framework. Numerical
results have been validated by means of experiments carried out with microemul-
sions which represent an ideal model system to investigate the two possible con-
vective patterns, being characterized by a positive and a negative off-diagonal
term in the cross-diffusion matrix.

Microemulsions also feature a convenient dispersed medium in this context
because they have been widely studied in combination with chemical reactions.
This paves the avenue to new chemo-hydrodynamic pattern formation and to
unravel how cross-diffusion-driven convection interacts with linear and nonlinear
chemical kinetics.

Future challenges are to engineer the results of this study to issues of applied
interest, for instance in the realm of pollutant remediation processes and drug
delivery.
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