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An extension of classical irreversible thermodynamics pioneered by Ilya Prigogine is developed, in

which fluctuations of macroscopic observables accounting for microscopic-scale processes are

incorporated. The contribution of the fluctuations to the entropy production is derived from a gener-

alized entropy balance equation and expressed in terms of the fluctuating variables, via an extended

local equilibrium Ansatz and in terms of the probability distributions of these variables. The

approach is illustrated on reactive systems involving linear and nonlinear steps, and the role of the

distance from equilibrium and of the nonlinearities is assessed. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.5001303]

One of the principal attributes of thermodynamics is to

provide a unified description of natural systems which is

largely independent of their internal structure and of the

details of the ongoing processes. At the basis of this

description are appropriately chosen state functionals

depending on a limited number of observables, whose

properties reflect in one way or the other the nature of

the states attained by the system when the conditions

to which it is submitted are varied. Thermodynamics

attains its highest power and universality in the state of

thermodynamic equilibrium as expressed by the extremal

properties of the thermodynamic potentials, such as max-

imum entropy (in an isolated system) or minimum free

energy (in systems at constant temperature). As a corol-

lary, the state of thermodynamic equilibrium is unique

and possesses strong stability properties. Ilya Prigogine’s

historical achievement has been to develop a thermody-

namic approach applicable to states out of equilibrium.

In doing so, he revealed new facets of thermodynamics in

relation to self-organization, evolution, and the founda-

tions of irreversibility.

I. INTRODUCTION

Let xif g i ¼ 1…n be the set of observables determining

the state of a system as a whole—for instance, total energy

E, volume V, and particle numbers Nj of the system’s compo-

nents. At equilibrium, the state functionals are fully deter-

mined by these variables. In particular, entropy is linked to

E, V, and Nj through the Gibbs relation

Seq ¼ S E;V; Njf gð Þ: (1)

A decisive step toward the development of nonequilibrium

thermodynamics has been to apply Gibbs type relations

locally, within each volume element surrounding an arbitrary

point r, being understood that the state variables may now

depend on space and evolve in time1–3

s ¼ s eðr; tÞ; vðr; tÞ; cjðr; tÞ
� �� �

; (2)

where the quantities featured are now entropy and energy den-

sities, specific volume, and concentrations, or more generally

s ¼ s xiðr; tÞ
� �� �

: (3)

The range of validity of this local equilibrium approach to

nonequilibrium thermodynamics has been analyzed exten-

sively in the literature2,4–6 and shown to include all phenom-

ena described by the laws of macroscopic physics and

chemical kinetics, as long as the constraints acting on the

system vary in space and/or time on scales that are much lon-

ger than the scales of microscopic-level processes.

On the other hand, the quantities in the right hand sides

of Eqs. (2)–(3) satisfy classical balance equations expressing

their rates of change in time as the sum of a flux term

accounting for the exchanges between a volume element and

its environment and a source term accounting for processes

occurring spontaneously within the volume element. The

decisive step accomplished by Eqs. (2)–(3) is that one is now

in the position to deduce from the balance equations of the

state variables a balance equation of local entropy in the form

@s

@t
¼ �div Js þ r: (4)

Here, Js and r are the entropy flux and entropy production,

respectively, and r takes the celebrated bilinear form

r ¼
X

k

Jk Xk; (5)

where Jk are the fluxes of different processes present and Xk

the associated thermodynamic forces expressing the presence

of nonequilibrium constraints. The second law of thermody-

namics imposes that r is a non-negative quantity whose

value is zero at equilibrium and strictly positive out of equi-

librium whatever the values of the fluxes and forces might

be, a property that constitutes the thermodynamic signature
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of irreversibility. An important point is that Xk can be

expressed entirely in terms of the state variables and their

spatial gradients, whereas Jks constitute a new set of variables

to be added, a priori, to the set of classical state variables.

Stated differently, in their most general form, the balance

equations for the variables xif g are not closed and do not

allow one to predict the time evolution of the underlying sys-

tem. To achieve closure, one needs thus to express the fluxes

in terms of the thermodynamic forces subject to the condition

that the entropy production should remain non-negative.

Furthermore, in the state of thermodynamic equilibrium, Jk

and Xk should vanish simultaneously.

The balance equations for xif g take now the form

@xi

@t
¼ fi xjf g; k

� �
; (6)

where the evolution laws fif g are, typically, nonlinear in the

state variables and k is a set of control parameters accounting

for the constraints acting on the system. We will be referring

to the description afforded by Eq. (6), in which macroscopic

observables are fully decoupled from the microscopic degrees

of freedom, as the mean-field description. In the sequel, we

will be focusing on systems undergoing purely dissipative

processes such as diffusion, heat conduction, and chemical

reactions, leaving out systems possessing inertial elements

such as electric circuits or deformable solids.

On the basis of the foregoing, one may define the linear

range of nonequilibrium thermodynamics as the range of

phenomena where the constraints Xk are weak and the fluxes

are related linearly to the constraints

Jk ¼
X

l

Lkl Xl: (7)

The coefficients Lkl featured in this relation are intrinsic to the

system, independent of the nonequilibrium constraints. They

depend, in principle, on the state variables xif g and satisfy the

Onsager reciprocity relations Lkl¼Llk for suitable choices of

fluxes and forces. The entropy production [Eq. (5)] becomes

now a quadratic function of Xs, and the positivity condition

dictated by the second law imposes that the eigenvalues of the

matrix formed by Lkl should be non-negative. Under the addi-

tional restrictions of time-independent constraints and of strict

linearity in the sense that Lkl can be treated as constants, one

can then show that the total entropy production

P ¼
ð

dr rðr; tÞ > 0 (8a)

satisfies the inequality

dP

dt
� 0: (8b)

Relations (8a) and (8b) express celebrated Prigogine’s mini-

mum entropy production theorem,1–3 a variational principle,

implying that in the linear range of irreversible processes, a

system will evolve in a way to attain a unique nonequilibrium

steady state in which the entropy production—which plays

here the role of a Lyapunov function—attains its minimum

value. As a corollary, such states are universal attractors, in

the sense that the solutions of the dynamical system defined

by the mean-field equation (6) corresponding to them are sta-

ble against perturbations. We witness here the appearance of a

new thermodynamic potential extending those familiar from

equilibrium thermodynamics, governing wide classes of phe-

nomena occurring in the linear range of irreversible processes.

The possibility of extending relations such as (8a) and (8b)

beyond the linear range has attracted considerable attention.

Now, this is precisely the range where, beyond some critical

nonequilibrium threshold, the nonlinearities in the evolution

laws [Eq. (6)] become effective, giving rise to dissipative struc-

tures and other spectacular self-organization phenomena in the

form of multiple steady states, sustained oscillations in time, or

spatial patterns.3,7 This has led Prigogine and his colleague

Paul Glansdorff to realize that under these conditions, a univer-

sal variational principle could not be expected to exist since the

uniqueness and stability of nonequilibrium states are now a pri-
ori compromised. However, despite this basic limitation, they

were able to establish a link between thermodynamics as

expressed by the local equilibrium hypothesis [Eq. (3)] and

nonlinear dynamics as expressed by the mean-field equation

(6). Their starting point is that within the realm of the local

equilibrium assumption, the second order excess entropy

around a nonequilibrium state is bound to be negative as long

as the equilibrium state is stable

dð2Þs � 0: (9a)

Now, the time derivative of dð2Þs can be shown to reduce

to the excess entropy production, d dð2Þs =dt ¼
P

k dJk dXk,

where dJk; dXk stand for the excess fluxes and forces associ-

ated with process k, respectively, resulting from small pertur-

bations of reference states on the thermodynamic branch, the

branch of states extrapolating states close to equilibrium.

Combining with (9a), one arrives then at a thermodynamic

linear stability criterion of nonequilibrium states featuring

the excess entropy production3,8

X
k

dJk dXk > 0: (9b)

The point is that while in the linear range this inequality holds

unconditionally on the grounds of the minimum entropy pro-

duction theorem, far from equilibrium, it may be compro-

mised. The system will then evolve toward states that will be

qualitatively different from those on the thermodynamic

branch. Inequalities (9) highlight therefore the role of non-

equilibrium as a source of self-organization and complexity.

They mark the limits of how far one can go in the study of far

from equilibrium phenomena within the frame of a thermody-

namic description.

In this paper, an extension of thermodynamics in a form

where the limitations inherent in a purely macroscopic

approach are overcome is outlined. The basic idea we shall

follow is to explore the properties of nonequilibrium nonlinear

systems by means of an enlarged description in which

xif g, which remain the sole state variables, satisfy now evolu-

tion laws complementing the mean-field equations (6) by
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information pertaining to the fluctuations, the spontaneous

deviations from the values provided by the phenomenological

laws of evolution arising from microscopic-scale processes.

Fluctuations are universal phenomena occurring in all natural

systems, but typically their effect on macroscopic sized many

particle systems operating in a unique stable state is very small.

The situation changes radically in nanoscale systems or in sys-

tems of restricted geometry, which are attracting increasing

attention in connection with, among others, molecular and cel-

lular biology and materials science and whose study highlights

the need to address the role of microscopic-level processes on

the evolution of macroscopic observables. Furthermore, even

in macroscopic size systems, in the presence of instabilities

arising beyond some critical distance from equilibrium, the

evolution becomes at some stage fluctuation driven since,

fundamentally, fluctuations are the only intrinsic source of var-

iability (as opposed to external perturbations) enabling a sys-

tem to perform transitions between states.7

The natural approach to fluctuations is the probabilistic

approach. Looking at the system through an appropriate space

and time window, one may argue that there is memory loss of

the past history, owing to the large number of microscopic-

scale events that drove the system in a state where all variables

with the exception of the macroscopic ones are in a regime of

local equilibrium. In this coarse-grained description, the

dynamics of fluctuations of the observables xif g reduces to a

Markov process. In Sec. II, starting with the set of evolution

equations for the state variables featured in the traditional mac-

roscopic description, we account for the presence of fluctua-

tions through appropriate flux and source terms assimilated to

uncorrelated random processes. We next extend Prigogine’s

Ansatz [Eq. (3)] and introduce a fluctuating entropy in the

form of a random functional related to the fluctuating state var-

iables by the same relation as in thermodynamic equilibrium.

We derive a balance equation from which we identify the fluc-

tuating entropy flux and fluctuating entropy production and

analyze their principal statistical properties. A complementary

approach based on a master equation for the probability to be

in state xif g at time t is developed in Sec. III. The main proper-

ties of the solutions of this equation are summarized and are

shown to lead, under quite general conditions, to generalized

potential-like functions characterizing the complexity of non-

equilibrium states and possessing universal variational proper-

ties applicable to the fully nonlinear range of irreversible

processes. The analysis is subsequently brought in a form close

to a thermodynamic formalism by deriving a balance equation

for the entropy of the underlying Markov process, from which

the probabilistic analog of entropy production is identified and

compared to the entropy production of irreversible thermody-

namics. In Sec. IV, explicit examples are analyzed, the role of

nonlinearities is assessed, and the predictions of the formalisms

developed in Secs. II and III are compared. The main conclu-

sions are summarized in Sec. V.

II. STOCHASTIC THERMODYNAMICS: EXTENDED
LOCAL EQUILIBRIUM APPROACH

A major challenge arising in extending thermodynamics

is to dispose of an adequate definition of entropy and entropy

production accounting for the effect of the fluctuations and

reducing to Prigogine’s formalism of classical irreversible

thermodynamics in the mean-field limit. In this section, we

develop an extension in which this correspondence is secured

automatically.

Let us write the balance equations for the variables xif g
in a form to which we alluded already in Introduction

@xi

@t
¼ �div Ui þ ri; (10)

where Ui is the flux of xi resulting from exchanges between a

volume element surrounding point r and its environment and

ri is a source term resulting from internal processes generated

by the system itself. To account for the presence of fluctua-

tions, we decompose Ui and ri into a systematic part related

to the nonequilibrium constraints acting on the system by

appropriate closure relations as discussed in Introduction and

a random force modeling the effect of microscopic level pro-

cesses on the evolution of the macroscopic variables9

Ui ¼ Ji xjðr; tÞ
� �

; rxjðr; tÞ
� �

;…
� �

þ jiðr; tÞ; (11)

ri ¼
X

q

aiq Wqð xjðr; tÞ
� �

Þ þ wqðr; tÞ
� �

: (12)

In these expressions, Wq are the rates of different internal

processes q ¼ 1…r, and aiq are the process-dependent

numerical coefficients.

The basic Ansatz of our extended local equilibrium

approach10,11 is that the entropy density sðr; tÞ of the system

will depend on space and time through the space and time

dependencies of the fluctuating observables xif g

s ¼ sð xiðr; tÞ
� �

Þ: (13)

The rate of change of entropy can thus be written as

@s

@t
¼
X

i

@s

@xi

� 	
xj 6¼i

@xi

@t
(14a)

or, using (10)–(12),

@s

@t
¼
X

i

@s

@xi

� 	
xj 6¼i

�div Ji þ jið Þ þ
X

q

aiq Wq þ wqð Þ

 �

:

(14b)

Relation (14b) allows us to derive a balance equation for

entropy extending Eq. (4)

@s

@t
¼ �div Jþ r; (15)

where the entropy flux J and the entropy production r are

given by

J ¼
X

i

Ji þ jið Þ @s

@xi

� 	
xj 6¼i

; (16a)

r ¼
X

i

Ji þ jið Þ � r @s

@xi

� 	
xj 6¼i

þ
X
i;q

@s

@xi

� 	
xj 6¼i

aiq Wq þ wqð Þ: (16b)
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These relations highlight the fact that s and its rate of change

are to be viewed as stochastic fields incorporating the vari-

ability associated with the presence of fluctuations.

It should be kept in mind that the decomposition into the

two terms of the right hand side of Eq. (15) is not unique. In

the absence of fluctuations, the non-negativity of entropy

production as required by the second law of thermodynamics

imposes that whatever the decomposition is chosen, the fol-

lowing condition should be satisfied [cf. also Eq. (5)]X
i

Ji � Fi þ
X

q

Aq Wq � 0; (17a)

expressing, basically, that the fluxes Ji and Wq should some-

how be aligned to the thermodynamic forces

Fi ¼ r
@s

@xi

� 	
xj 6¼i

; Aq ¼
X

i

aiq
@s

@xi

� 	
xj 6¼i

: (17b)

In the presence of fluctuations, it seems natural to still

adopt the decomposition leading to Eqs. (15) and (16). The

systematic parts Ji and Wq of the fluxes become now sto-

chastic variables via their dependence on xiðr; tÞ
� �

but are

still expected to satisfy relations (17). On the other hand, the

random parts ji and wq need not be aligned to the thermody-

namic forces, even if the latter incorporate the effects of fluc-

tuations. This reflects the fact that with some probability, as

a result of microscopic-level processes, ji and wq may be led

to be in opposition with respect to the action of an instanta-

neous thermodynamic force. Then, the partsX
i

ji � Fi;
X

q

Aq wq

will yield negative contributions. One of our goals is to analyze

the extent to which these contributions may “contaminate” r
as a whole and bring it, with some probability, to negative

values.

In the light of the foregoing, stochastic thermodynamics

has to do with the properties of the fluctuation-generated

deviations of s, @s=@t, J, and r from reference values associ-

ated with the macroscopic values ximf g taken by the observ-

ables at the level of a mean-field description in which such

fluctuations are not incorporated. We are especially inter-

ested in the evolution around an asymptotically stable steady

state. Setting

xi ¼ xim þ Dxi

Ji ¼ Jim þ DJi; Fi ¼ Fim þ DFi

Wq ¼ Wqm þ DWq; Aq ¼ Aqm þ DAq

(18)

we may decompose the fluctuating entropy production r as

[cf. (16b) and (17)]

r ¼ rm þ Dr (19)

with

rm ¼
X

i

Jim � Fim þ
X

q

Aqm Wqm; (20)

Dr ¼
X

i

DJi � Fim þ Jim � DFi þ ji � Fimð Þ

þ
X

q

DWqAqm þWqm DAq þ wqAqm

� �
þ
X

i

DJi � DFi þ
X

q

DWq DAq

þ
X

i

ji � DFi þ
X

q

wq DAq: (21)

We notice that rm is identical to the entropy production of

macroscopic thermodynamics [Eq. (5)]. The point is that, in

addition to this part, we now have a contribution Dr arising

from the fluctuations. We will refer to this new part as the

stochastic entropy production or the entropy production of

the fluctuations. The first two sums in Eq. (21) include all

the first-order contributions with respect to the deviations

Dxi, while the remaining four sums start with second-order

contributions. Of these, the first two have a structure similar

to the excess entropy production as developed by Glansdorff

and Prigogine [see Eq. (9b)]. A similar procedure can be car-

ried out for the entropy flux.

Ordinarily, in the framework of a stochastic description,

one decomposes the variables into the sum of their values

averaged over different realizations of the random forces and

of a term representing the fluctuations. In the present case,

this would lead to

xi ¼ �xi þ dxi

r ¼ �r þ dr
(22)

with �r; dr given by expressions similar to those of Eqs. (20)

and (21), the difference being that the subscript “m” is replaced

by averaging and the deviations DJi, etc., are replaced by the

fluctuations dJi around the averages. In a linear system, the

mean and the macroscopic mean-field values coincide, and

the deviations from the macroscopic state can be identified to

the fluctuations around the mean. The situation is different in

nonlinear systems, where the macroscopic (mean-field) values

differ from the mean values by quantities related to the

strength of the fluctuations. In all cases, and provided that the

system is ergodic, the mean value of the entropy derivative in

Eq. (15) will be zero for asymptotically long times and thus

�r ¼ div �J: (23a)

An equality of this kind is known to hold true in classical irre-

versible thermodynamics when a system has reached a steady

state. It follows therefore that the mean total entropy produc-

tion of the fluctuations is bound to be equal to the associated

mean entropy flux exchanged through the boundaries

Dr ¼ div DJ: (23b)

The interest of the approach outlined in this section is

that, in addition to the mean values, one is in the position to

obtain information on the probability densities of Dr and

related quantities. For this purpose, the properties of the ran-

dom forces ji and wq will need to be prescribed. We will

adopt the assumption of Gaussian white noise usually made
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in the literature, based once again on the time scale separa-

tion argument used in Introduction. More specifically, we

stipulate that [cf. Eqs. (11) and (12)]

wq ¼ 0; wqðr; tÞwq0 ðr0; tÞ ¼ q2
q dKr

q;q0 dðr� r0Þ dðt� t0Þ

ji ¼ 0; jiðr; tÞ jkðr0; tÞ ¼ Q2
i dKr

i;k dðr� r0Þ dðt� t0Þ;
(24)

where q2
q; Q2

i are the spectral intensities of the associated

noises. At this stage, they are regarded as additional parame-

ters, but in actual fact, as will be seen in Sec. IV, their values

can be related to intrinsic properties through fluctuation-

dissipation type relationships. Furthermore, they are inversely

proportional to the system size, a property guaranteeing that

in macroscopic size systems, the contribution of the entropy

production of fluctuations will be small compared to the

mean-field part.12,13

The presence of delta functions in Eq. (24) introduces

singular contributions in expressions such as Eq. (21). To

cope with this difficulty, we will be led to focus on the

time-averaged fluctuating entropy production over a time

interval t

Rt ¼
1

t

ðt

0

dt0rðt0Þ: (25)

Some qualitative features can already be anticipated at this

stage. First, on the grounds of the central limit theorem, the

probability distribution of Rt is expected to be Gaussian.14

On the other hand, owing to the presence of contributions

containing explicitly the random forces, the existence of a

non-zero probability mass in the region of negative Rt values

cannot be excluded. Now, the central limit theorem does not

provide much information on tail effects associated with

such drastic deviations from the mean. The large deviation

theory provides the missing information by showing that the

probability of, e.g., Rt being larger than some threshold val-

ues y decays exponentially with time15,16

P Rt > yð Þ � exp �t IðyÞð Þ; (26)

where the rate function I(y) is threshold and system depen-

dent. Explicit expressions of probability distributions for rep-

resentative systems will be derived in Sec. IV.

III. STOCHASTIC THERMODYNAMICS: MASTER
EQUATION APPROACH

In this section, we outline an alternative approach to sto-

chastic thermodynamics based on the evolution laws of the

probability distributions of the state variables. Let PkðtÞ be

the probability to be in a state k associated with a particular

set of values of those variables. This probability evolves in

time as a result of transitions between k and the other avail-

able states l. We begin by adopting a discrete time picture and

choose a time window Dt such that the system can undergo at

most one transition. We denote by WDtðkjlÞ the conditional

probability to perform a transition to k starting from state

l during this interval. The Markovian assumption formulated

in Introduction then leads us to write the following master
equation for PkðtÞ (Refs. 7, 12, and 13)

Pkðtþ DtÞ ¼
X

l

WDtðkjlÞPlðtÞ (27a)

subject to positivity and normalization conditions

WDtðkjlÞ � 0;
X

k

WDtðkjlÞ ¼ 1: (27b)

To establish the connection with macroscopic thermodynam-

ics and with the formulation of Sec. II, we will be especially

interested in the continuous time limit of Eq. (27) and in

cases where the state variables are extensive quantities chang-

ing by discrete jumps ri. To avoid confusion, we will hereaf-

ter denote these extensive variables by Xif g.
Taking the limit Dt! 0 in Eq. (27a) yields

dPkðtÞ
dt
¼
X
l6¼k

wðkjlÞPlðtÞ � wðljkÞPkðtÞ½ �; (28a)

where the transition probabilities per unit time are related to

the quantities WDt in Eq. (27a) by

wðkjlÞ ¼
WDtðkjlÞ � dKr

k;l

Dt
: (28b)

Arguing in terms of states leads typically to a view in which

the contributions of individual processes are lumped. For

instance, different processes leading to the change in a partic-

ular extensive variable from a value X to a value X – r will be

part of a single transition between the same initial and final

states, and the associated transition rates will be added to yield

the overall probability per unit time for the transition between

these states. Now, in many instances, it will be essential to

identify the contribution of individual variables and processes

to the evolution. This will amount to setting Xif g for state k,

Xi � riqf g for state l and write the master equation for the

probability Pð Xif g; tÞ in the following form:7

dP Xif g; tð Þ
dt

¼
X

q

wq Xif gj Xi � riqf g
� �

P Xi � riqf g; tð Þ
�

�w�q Xi � riqf gj Xif g
� �

P Xif g; tð Þ
�
: (29a)

Here, q runs over all elementary processes occurring within

the system and �q for the reverse processes whose presence

is a consequence of the property of detailed balance at the

state of equilibrium. For systems governed by short-range

interactions, the conditional probabilities are extensive, i.e.,

equal to a parameter N measuring the size of the system mul-

tiplied by a function of the same form, in which Xi � riqf g
are replaced by their intensive counterparts

wq Xif gj Xi � riqf g
� �

¼ N ~wq xif g; riqf g
� �

; xif g ¼
Xi

N

� 
:

(29b)

The explicit form of the conditional probability per unit

time integrates information on the physics underlying different
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elementary processes. Inasmuch as the mean-field rate func-

tions fi in Eq. (6) are also constructed on the basis of this infor-

mation, a compatibility condition is needed, expressing that in

the large N limit, the weighted sum of the rates of transitions

involving variable i summed over all processes should reduce

to the rate function fiX
q

riq ~wq xif g; riqf g
� � ¼ fi: (30)

This property guarantees in turn that the equation for the

average value hXii generated by Eq. (29a) expressed in terms

of intensive variables will display the average value hfii of

the rate function fi. In a linear system hfið xjf gÞi ¼ fið hxji
� �

Þ,
i.e., the mean-field description is recovered as an exact conse-

quence of the master equation. The situation is different in

nonlinear systems: the equation for hxii then contains, in

addition to the mean-field part, contributions involving higher

moments (e.g., variances) of the fluctuations.

A major feature of the description adopted in this section

is that Eqs. (27)–(29) are linear with respect to the probability

distribution P. This is in contrast to the nonlinearity inherent

to the mean-field description. A second important property is

that as long as the stochastic process associated with the evo-

lution of Xif g is ergodic, these equations display strong sta-

bility properties in the sense that they possess a unique

stationary state distribution, which is reached irreversibly in

the course of time starting from a sufficiently regular initial

distribution. The conjunction of these two properties of line-

arity and stability allows one to overcome some of the limita-

tions of the mean-field based formulation of irreversible

thermodynamics and provides new ways of characterizing the

complexity of nonequilibrium states.

Another important property of the master equation is

that expanding in terms of the inverse of the size parameter

N and provided that the system possesses a single stable state

yields in the limit of large N an equation of the form7,12,13

@q xif g; tð Þ
@t

¼ �
X

i

@

@xi
fi xjf g; k
� �

qþ
X

i;j

Dij
@2q
@xi@xj

:

(31)

Here, xif g are the continuous intensive variables associated

with Xif g and q is their probability density. The coefficients

Dij define a matrix possessing non-negative eigenvalues and

are uniquely determined by wq s and riqs. Furthermore, the

extensivity condition (29b) entails that they are inversely

proportional to the system size N. Now, an equation such as

(31), known as the Fokker-Planck equation, defines a diffu-

sion process in state space. This corresponds in turn to a ran-

dom process in which the variables xi evolve according to a

stochastic differential equation of the form

@xi

@t
¼ fi xjf g; k

� �þ RiðtÞ; (32)

where Ri are Gaussian white noise processes. Eq. (32) is

precisely the sort of evolution equations we have been deal-

ing with in Sec. II [see Eqs. (10)–(12)]. This establishes a

connection between the master equation and the extended

local equilibrium approaches and provides a justification of

the assertion that the spectral intensities q2
q and Q2

i in Eq.

(24) are inversely proportional to the system size.

A. Stochastic potentials and variational properties

In view of the presence of the N factor in Eq. (29b), we

seek for steady-state solutions of the master equation in the

form7,17,18

P Xif gð Þ ¼ exp �N U xif gð Þ
� �

(33a)

with xi ¼ Xi=N and in which Uð xif gÞ is further expanded in

1=N as

U xif gð Þ ¼ U0 xif gð Þ þ
1

N
U1 xif gð Þ þ � � � : (33b)

Limiting the expansion to the dominant part U0 and substitut-

ing (33) into (29a), one obtains, up to terms of Oð1=NÞ, the

following equation for U0

X
q

~wq xif g; riqf g
� �

exp
X

i

riq
@U0

@xi

" #
� 1

( )
¼ 0: (34)

This relation can be regarded as a Hamilton-Jacobi equation

of zero “energy” of a system described by coordinates xi and

momenta pi ¼ @U0=@xi.

We now consider the time variation of U0 along a solu-

tion of the deterministic (mean-field) Eq. (6)

d U0 xif gð Þ
dt

¼
X

i

@U0

@xi

dxi

dt
¼
X

i

@U0

@xi
fi

or, with Eq. (30)

d U0 xif gð Þ
dt

¼
X

q

~wq

X
i

riq
@U0

@xi
:

Using the convexity property of the exponential along with

Eq. (34), one can further write19

d U0

dt
�
X

q

~wq exp
X

i

riq
@U0

@xi

" #
� 1

( )
¼ 0: (35)

In other words, U0 is a strictly decreasing quantity along

mean-field trajectories until it reaches a local minimum corre-

sponding to one of the attractors of the macroscopic evolution

equations, which in view of (33) corresponds to a maximum

of q, i.e., to the most probable state of the system. This

extremal property is reminiscent of the extremal properties of

the thermodynamic potentials in the state of equilibrium, but

its range of validity is now considerably wider. For this rea-

son, we shall refer to U0 as the generalized or stochastic poten-

tial. In general, there will be several extrema of the stochastic

potential. Owing to the exponential penalization of the proba-

bility by the size parameter N [Eq. (33)], only those extrema

corresponding to equal values of U0 will be of relevance as far

as the observable properties are concerned. Notice that the
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often prevailing idea that the macroscopic description corre-

sponds to the mean value is in general false, except in the par-

ticular case of one-humped distributions peaked sharply on a

unique attractor corresponding to a steady state.

Summarizing, we have recovered, at the level of the sto-

chastic description, a global variational property and a new

state functional—the stochastic potential—providing a way

to characterize the complexity of nonequilibrium states. In

general, the solutions of Eq. (34) are complicated, non-

analytic functions of the state variables. However, if the sys-

tem possesses a single attractor, U0 can be expanded in a

convergent power series of the distance from this reference

state. This expansion remains valid even if the system oper-

ates near a bifurcation point provided that the bifurcation

occurs at a simple eigenvalue of the Jacobian matrix associ-

ated with the mean-field evolution laws fif g. For instance, in

a pitchfork bifurcation marking the transition from a unique

stable state to two simultaneous stable states, the potential

can be expressed as a sum of a dominant “critical” part that

is quartic with respect to a suitable combination of xis, the

order parameter, and a non-critical part which plays no role

in the qualitative properties of the system.

B. Generalized entropies: Stability revisited

The existence of a closed-form description in terms of

the probability distributions of the variables xif g—essen-

tially the macroscopic observables of thermodynamics—

independent of the microscopic degrees of freedom such as

individual particle velocities can be viewed as yet another

version of an extended local equilibrium hypothesis. In order

to establish a connection with irreversible thermodynamics

per se, we now need to define a quantity that plays in this

formulation a role similar to that of entropy in the formula-

tions of Secs. I and II.

We seek for a quantity which depends entirely on Pk,

provides a measure of the unpredictability in specifying the

state of the system arising from the ongoing transitions

between the available states, shares with the thermodynamic

entropy the property of additivity, and remains unchanged if

the state space is enlarged by an event of zero probability. A

classic result of the theory of stochastic processes is that

these requirements are satisfied by the quantity20,21

SIðtÞ ¼ �
X

k

PkðtÞ ln PkðtÞ (36)

which we will be referring to as the information or Shannon

entropy on the grounds of its importance in information and

communication theories. Actually, to recover the value of

thermodynamic entropy (at least in the equilibrium limit), one

needs to add to (36) a contribution S0;k equal to the entropy of

degrees of freedom other than those included in the states k of

the Markovian description, averaged over Pk. In the sequel,

we will be mainly interested in the part SI, which reflects the

different ways of distributing the probability masses Pk

among different states.

A second set of quantities of interest are relative entro-

pies, or Kullback distances,21,22 between two different proba-

bility distributions such as PkðtÞ and its value at the stationary

state Psk associated with the time-independent solution of

Eqs. (27a) or (28a) assumed to exist and to be unique, a prop-

erty that can be established rigorously provided that the states

belong to an ergodic set

K Pkf g; tð Þ ¼
X

k

PkðtÞ ln
PkðtÞ
Psk

: (37)

Using this quantity, one can show that once the probabilities

Pk evolve according to a Markov process, irreversibility fol-

lows as a natural consequence. We first observe that K is

bounded from below and vanishes at Pk ¼ Psk. Its time vari-

ation can be computed from (27a) or (28a). Using the con-

vexity property of the logarithm, one then obtains that

Kðtþ DtÞ � KðtÞ or, in the continuous time limit,

dK

dt
� 0 (38)

showing that the system attains irreversibly its steady

state starting from an arbitrary initial distribution, K being a

Lyapunov function governing this evolution. This is yet

another expression of the property pointed out in the preceding

subsection, namely, that the probabilistic description reveals

the existence of strong stability properties. These properties are

here expressed in terms of generalized entropy-like quantities

and allow us to overcome the limitation of the macroscopic

thermodynamic description to linear stability with respect to

small perturbations, as pointed out in Introduction. Comparing

Eqs. (37) and (36), one sees that K and dK=dt are just the parts

of SI and dSI=dt that are nonlinear with respect to the devia-

tions dPk of Pk from the invariant distribution Psk (Ref. 22)

K ¼ dNLð�SIÞ � 0 ;
dK

dt
¼ d

dt
dNLð�SIÞ � 0: (39)

Limited to their second order terms, these relations are remi-

niscent of the Glansdorff-Prigogine thermodynamic stability

criterion [Eqs. (9a) and (9b)].

It should be pointed out that although randomness is pre-

sent implicitly in Eqs. (36) and (37) through the probability

distributions, the time dependence of both SI and K is deter-

ministic, in the sense that the probabilities evolve in time

according to the master equation that drives the system irre-

versibly towards a unique steady-state solution. In particular,

there can be no question of probability distributions of entropy

and related quantities. In contrast, the entropy introduced in

Sec. II through our extended local equilibrium Ansatz is a ran-

dom function of fluctuating state variables characterized by an

invariant probability density. The connection between these

two set of quantities and indeed the very legitimacy of (36) as

a definition of thermodynamic entropy needs therefore further

considerations. We postpone a closer comparison to Secs.

III C and IV.

On the other hand, randomness makes naturally its

appearance at the level of probability of sequences of states

rather than of a single state. To be specific, let the system

evolve during a time interval T ¼ n Dt. During this evolution,

the states will succeed each other in many possible ways, cor-

responding to different realizations of a random process. We
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denote by Pnðk1;…knÞ the probability of a particular path

k1;…kn. We can then extend Eq. (36) by defining higher

order “dynamical” entropies21

SnðtÞ ¼ �
X

k1;…kn

Pnðk1;…knÞ ln Pnðk1;…knÞ; (40)

where the sum runs over all sequences compatible with the

structure of the conditional probabilities. Using the Markov

property in the discrete time form

Pnðk1;…knÞ ¼ Pk1
Wðk2jk1Þ…Wðknjkn�1Þ (41)

one can reduce (40) into an expression involving only pairs

of consecutive states. Specifically,

Sn ¼ SI þ ðn� 1Þ h; (42a)

where

h ¼ �
X

i;j

Pi WðjjiÞ lnWðjjiÞ (42b)

is the Kolmogorov-Sinai entropy of the Markov process,

expressing the increase in dynamical entropy when the pro-

cess advances by one step.21,23 Here, it is understood that Pi

is the invariant probability of the process, i.e., the steady-

state solution of Eq. (27a).

We may also introduce Kullback distances between dif-

ferent path probability distributions. Of special interest for

our purposes is the distance between the distributions of the

direct and reverse paths, which for a Markov process is lim-

ited to the probability of two consecutive states i and j

K2 ¼
X

i;j

Pði; jÞ ln Pði; jÞ
~Pðj; iÞ

or using the normalization property of WðijjÞ and the prop-

erty that the invariant probability distributions of both the

direct and reverse process are identical

K2 ¼
X

i;j

Pi WðjjiÞ ln WðjjiÞ
WðijjÞ ¼ hR � h; (43)

where hR stands for the Kolmogorov-Sinai entropy of the

reverse process23

hR ¼ �
X

i;j

Pi WðjjiÞ lnWðijjÞ: (44)

To take the continuous time limit of expressions (42),

we appeal to Eqs. (28a) and (28b). Expanding (42) in Dt and

keeping dominant terms, we obtain

Sn ¼ SI þ T h; (45a)

where

h ¼ ð1� lnDtÞ
X
j 6¼i

Pi wðjjiÞ �
X
j 6¼i

Pi wðjjiÞ lnwðjjiÞ: (45b)

We notice the presence of a logarithmic singularity as

Dt! 0. Expanding (43) in Dt and keeping dominant terms,

one can easily show that this singularity disappears at the

level of the Kullback distances between the direct and the

reverse processes.23,24

C. Information entropy balance: Entropy production
of the fluctuations revisited

In order to complete the connection between the formu-

lation adopted in this Section and thermodynamics, now we

need to derive a balance equation for SI from which a proba-

bilistic analog of entropy production can be identified.

Consider first the case of discrete state and continuous time

processes. Differentiating Eq. (36) in time and using the

master equation in the form (29a), one arrives at23,25

dSI

dt
¼ JI þ rI; (46)

where the information entropy flux JI and information entropy

production rI are given by

JI ¼ �
1

2

X
Xif g;q

Jq ln
wq Xif gj Xi � riqf g
� �

w�q Xi � riqf gj Xif g
� � ; (47a)

rI ¼
1

2

X
Xif g;q

Jq Xif g; tð ÞXq Xif g; tð Þ � 0 (47b)

with

Jq Xif g; tð Þ ¼ wq Xif gj Xi � riqf g
� �

P Xi � riqf g; tð Þ
�w�q Xi � riqf gj Xif g

� �
P Xif g; tð Þ; (48a)

Xq Xif g; tð Þ ¼ ln
wq Xif gj Xi � riqf g
� �

P Xi � riqf g; tð Þ
w�q Xi � riqf gj Xif g

� �
P Xif g; tð Þ :

(48b)

As in Secs. I and II, the particular decomposition of the time

derivative of entropy into these two terms adopted is moti-

vated by the requirement of non-negativity of the informa-

tion entropy production. Remarkably, one recovers, for free,

a bilinear expression of entropy production much like in Eq.

(5). In the stationary state, the probabilities—and thus also

SI—are time-independent, entailing that JI and rI cancel

each other. On the other hand, we observe that expressions

(47 b) or (48) display the probabilities of transitions leading,

e.g., from state Xi � riqf g to state Xif g and of their reverses.

If these two probabilities are equal, then the probability

fluxes Jq and rI and JI themselves vanish. We therefore

recover in our probabilistic description the property of

detailed balance, one of the signatures of thermodynamic

equilibrium. The non-negativity of rI implies then that infor-

mation entropy is continuously produced as long as the sys-

tem is not in a state of detailed balance. This is analogous to

the second law of thermodynamics.

Comparing expressions (47) with (43)–(45), one sees

straightforwardly that in the steady state, rI is just the

Kullback distance between direct and reverse paths or, equiv-

alently, the difference between the continuous time limit of

the corresponding Kolmogorov-Sinai entropies
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rI ¼ �
X

i

Pi wðjjiÞ ln wðjjiÞ
wðijjÞ ¼ hR � h; (49)

where, as anticipated in the previous subsection, the logarith-

mic singularity Dt has been cancelled out. Irreversibility as

expressed by rI is thus seen to be intimately connected to time

asymmetry as expressed by the difference of Kolmogorov-

Sinai entropies between the direct and the reverse paths.23

Irreversibility as time symmetry breaking has been a central

theme in Prigogine’s work over the years.26

To evaluate rI and related quantities explicitly, one needs

to compute the steady-state solution of the master equation. In

large size systems, using the formalism of Subsection III A and

keeping in mind the comments in connection with Eq. (30),

one expects to recover in the large N limit the mean-field

expression of entropy production plus a small correction repre-

senting the entropy production of the fluctuations. These quan-

tities play a role analogous to expressions (20) and (21)

derived in our extended local equilibrium approach. There is,

however, an important difference in that they are not random

variables. Their explicit forms and their relation to averages

of (21) over the different realizations of the random forces

introduced in the latter approach will be analyzed in Sec. IV

on selected examples.

Owing to the Markov property in the formulation out-

lined in the present subsection, only two-state probabilities

needed to be considered. On the other hand, as alluded in

Subsection III B, one may consider quantities generalizing the

logarithmic terms in Eqs. (43) or (48b) to paths of length n
(Ref. 23)

ZðtÞ ¼ ln
Wq1

X1jX0ð Þ…Wqn
XnjXn�1ð Þ

W�q1
X0jX1ð Þ…W�qn

Xn�1jXnð Þ ; (50)

where t ¼ n Dt. These quantities are random variables express-

ing statistical deviations from the regime of detailed balance

associated with different paths. It can be shown that they are

distributed according to a large deviation-type probability23

similar to the form of Eq. (26), with an average value equal

to rI.

Finally, to the extent that, as pointed out in the begin-

ning of this Section, the Fokker-Planck equation (31) can be

deduced from an asymptotic expansion of the master equa-

tion, one can expect that most of the results of Subsections

III A–III C should carry through. Specific aspects of the pas-

sage from discrete to continuous state space which deserve

special attention will be addressed in Sec. IV.

IV. ILLUSTRATIONS

In this section, we illustrate the formulations of stochas-

tic thermodynamics developed in Secs. II and III on selected

examples and compare the predictions of the two approaches.

We will analyze a first order reaction system involving a sin-

gle intermediate and a nonlinear kinetic model giving rise to

multiple steady states. This will give us the opportunity to

assess the role of nonlinearities in the properties of the sto-

chastic entropy production.

Model 1:

A�
k1

k�1

X�
k2

k�2

B: (51)

In this scheme, A and B are pool species whose concentra-

tions a and b are kept constant and X is the variable interme-

diate. The mean-field rate equation for its concentration is

dx

dt
¼ k1 aþ k�2 b� ðk�1 þ k2Þ x: (52a)

The entropy production associated with this scheme reads

rm

kB
¼ k1 a� k�1 xð Þ ln k1 a

k�1 x
þ k2 x� k�2 bð Þ ln k2 x

k�2 b
: (52b)

Here, the logarithmic terms are proportional to the general-

ized forces (affinities)

A1 ¼
lA � lX

T
; A2 ¼

lX � lB

T
;

where kB is the Boltzmann constant and l denotes the chemi-

cal potential, and the factors multiplying them are the corre-

sponding fluxes. As expected, rm vanishes when the two

fluxes vanish separately, which occurs under the zero overall

affinity (equilibrium) condition k1 k2 a ¼ k�1 k�2 b.

Model 2 (Schl€ogl’s model):

Aþ 2 X�
k1

k�1

3 X; X�
k2

k�2

B (53)

with

dx

dt
¼ k1 a x2 þ k�2 b� ðk�1 x3 þ k2 xÞ: (54a)

and

rm

kB
¼ k1 a x2 � k�1 x3
� �

ln
k1 a

k�1 x
þ k2 x� k�2 bð Þ ln k2 x

k�2 b
;

(54b)

where the different terms have the same interpretation as for

model1. The equilibrium (zero overall affinity) condition here

is again k1 k2 a ¼ k�1 k�2 b.

A. Extended local equilibrium approach

We first consider the linear model (51). Introducing the

random forces wi associated with the internal processes [Eq.

(12)] leads to a stochastic differential equation for x

dx

dt
¼ k1 aþ k�2 b� ðk�1 þ k2Þ xþ w1 þ w�2 � w�1 � w2:

(55)

In the spirit of our local equilibrium approach, the intensity

of the noise related to each processes will be determined by

the fluctuation-dissipation relation

wqðtÞwq0 ðt0Þ ¼
Wm

q

N
dKr

q;q0 dðt� t0Þ; (56)

where N is the extensivity parameter and the superscript

m indicates that the rate function takes its mean-field
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(deterministic) value WqðxmÞ, in which xm is the solution of

Eq. (52a). Due to the presence of noise, the fluctuating

entropy production reads

r
kB
¼ k1 a� k�1 xþ w1 � w�1ð Þ ln k1 a

k�1 x

þ k2 x� k�2 bþ w2 � w�2ð Þ ln k2 x

k�2 b

or

r ¼ k1 a� k�1 xþ w1 � w�1ð ÞA1

þ k2 x� k�2 bþ w2 � w�2ð ÞA2; (57)

where for compactness, we have reintroduced the affinities

Ai.

To evaluate how fluctuations affect entropy production,

we decompose Eq. (57) into the mean-field contribution and

the entropy of fluctuations, r ¼ rm þ Dr, in which rm is

evaluated by using Eq. (52b) at xm and

Dr ¼ k1 a� k�1 xmð ÞDA1 þ k2 xm � k�2 bð ÞDA2

þ k2A2 � k�1A1ð ÞDx

þ w1 � w�1ð ÞA1 þ w2 � w�2ð ÞA2; (58)

where the Ds denote deviations from the mean-field values.

Averaging Eq. (55) over the noise and taking into account

that the long-time average of the time derivative of a station-

ary process is zero give the stationary mean �xs, which coin-

cides with the solution of Eq. (52a) since by definition

wq ¼ 0 for each reaction

�xs ¼ xm ¼
k1 aþ k�2 b

k�1 þ k2

: (59)

Using this result, the mean-field entropy production (52b)

becomes

rm ¼ kB ln
k1 k2 a

k�1 k�2 b
k2 xm � k�2 bð Þ: (60)

Moreover, since

A2 ¼ kB ln
k1 k2 a

k�1 k�2 b
�A1; DA2 ¼ kB ln

x

xm
¼ �DA1

(61)

the entropy production of fluctuations can be rewritten as

Dr ¼ A1 � k2 þ k�1ð ÞDxþ w1 þ w�2 � w�1 � w�2½ �

þkB ln
k1 k2 a

k�1 k�2 b
k2 Dxþ w2 � w�2½ �: (62)

The first line corresponds to A1 multiplied by the time deriv-

ative of Dx. One thus readily arrives to the conclusion that

since Dx ¼ w2 ¼ w�2 ¼ 0

Dr ¼ 0

at the steady state. This is a direct consequence of the linear-

ity of Eq. (52a), which imposes that the macroscopic and the

mean values of x coincide. We conclude that the mean-field

formulation of irreversible thermodynamics for this system

is an exact consequence of the master equation.

On the other hand, in the extended local equilibrium

assumption, entropy production is a stochastic variable. We

can thus go one step further and derive the probability distri-

bution of entropy production around its stationary mean,

�r ¼ rm. These deviations can be estimated by expanding in

powers of dx ¼ x� �xs:

dr ¼ r� �r ¼ r0mð�xsÞ dxþ r00mð�xsÞ
2

dx2 þ
X

q

Aqð�xsÞwq

þ
X

q

A0qð�xsÞwq dxþ � � � ; (63)

where the primes stand for derivation with respect to x. In the

weak noise limit, we expect that an appropriate expression for

the probability distribution of dr can be obtained by consider-

ing only the dominant contributions of the development in

(63), which typically would amount to keeping the first and

the third terms of the sum. Notice that this assumption fails at

equilibrium, for which both r0 andAq vanish and higher order

terms must be retained. We will actually be interested in the

statistical properties of the time-averaged entropy production

Rt in order to remove singular contributions due to the white

noise [see Eq. (25)]. For non-equilibrium steady states, dRt is

given to the dominant order by

dRt ¼
r0mð�xsÞ

t

ðt

0

dxðt0Þ dt0 þ
X

q

Aqð�xsÞ
t

ðt

0

wqðt0Þ dt0

� Zt þ Vt: (64)

The mean Zt of the process Zt is zero since by definition

dx ¼ 0, while its variance reads

dZ2
t ¼

Q2
Z r0mð�xsÞ2

N k2 t
; (65)

where Q2
Z is the total intensity of the random forces

Q2
Z ¼

X
�2

q Wm
q (66)

and k ¼ k�1 þ k2. Moreover, since on the grounds of (55) Zt

is the time integral of an Ornstein- Uhlenbeck process, it is

expected to be distributed in a Gaussian way in view of the

central limit theorem. As for process Vt, it is a Wiener pro-

cess of zero mean and of variance Q2
V=ðN tÞ with

Q2
V ¼

X
q

A2
qð�xsÞWm

q : (67)

The distribution of dRt thus takes the form (see also Ref. 10)

P dRtð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffi

N t

2 p D0

r
exp � N t

2 D0

dR2
t

� 	
; (68)

where

D0 ¼
Q2

Z r0mð�xsÞ2

k2
þ Q2

V : (69)
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We observe that this distribution is Gaussian and includes

process-specific contributions. Numerical integrations of the

complete expression for entropy production show that the

Gaussian solution is typically an excellent approximation of

PðdRtÞ, with small deviations observed only in the tails of the

distribution. This means that in the extended local equilibrium

approach, entropy production can be negative with some

probability. Integrating (68) from Rt ¼ �1 to Rt ¼ 0 yields

P Rt < 0ð Þ ¼ 1

2
� 1

2
erf

ffiffiffiffiffiffiffiffiffi
N t

2 D0

r
Rt

" #
; (70)

which in the limit of large N t reduces to

P Rt < 0ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D0

2 p N t r2
m

s
exp � N t

2 D0

r2
m

� 	
; (71)

where we have used the fact that Rt ! rm for long times and

large systems. We notice that the probability of having nega-

tive entropy production is exponentially penalized by t and

N, in a way similar to large deviation-type expressions such

as (26).

It is instructive to analyze the stochastic properties of

the different parts of entropy production as introduced in

Sec. II. Let us rewrite (57) as

r ¼ rGP þ rM; (72)

where the “Glansdorff-Prigogine” entropy production

rGP ¼ k1 a� k�1 xð ÞA1 þ k2 x� k�2 bð ÞA2 (73a)

has a structure similar to the macroscopic local equilibrium

expression, in which the x is a stochastic process. We notice

that despite the fluctuating character of the state variable, rGP

is always positive. More precisely, it is bounded from below

by the minimum of entropy production. In contrast, in the part

containing the random forces grouped into a “mesoscopic”

entropy production term

rM ¼ w1 � w�1ð ÞA1 þ w2 � w�2ð ÞA2 (73b)

such a constraint does not apply. The distributions of the cor-

responding time-averaged entropy productions RGP
t and RM

t

are depicted in Fig. 1. The distribution of the mesoscopic con-

tribution to the entropy production is fairly symmetric and has

a slightly negative mean. The Glansdorff-Prigogine part is

markedly asymmetric because it is bounded from below by

the minimum entropy production of the system. As a conse-

quence, the maximum of probability does not coincide with

the mean Glansdorff-Prigogine entropy production, which is

itself slightly larger than the deterministic value, in such a

way that the sum of the mean Glansdorff-Prigogine and meso-

scopic entropy production terms is indeed equal to rm.

We now turn to the nonlinear Schl€ogl model (53). The

stochastic evolution law for x now reads

dx

dt
¼ k1 ax2þ k�2 b�ðk�1 x3þ k2 xÞþw1þw�2�w�1�w2;

(74)

where the intensity of the random forces obeys again

fluctuation-dissipation relations of the type (56). The corre-

sponding stochastic entropy production is given by

r ¼ k1 a x2 � k�1 x3 þ w1 � w�1

� �
A1

þ k2 x� k�2 bþ w2 � w�2ð ÞA2: (75)

Since the connection between the affinities [Eq. (61)] remains

valid for this model, r can be rewritten as

r¼ k1 ax2þ k�2 b�ðk�1 x3þ k2 xÞþw1þw�2�w�1�w2

� �
	A1þ kB ln

k1 k2 a

k�1 k�2 b
k2 x� k�2 bþw2�w�2ð Þ: (76)

Focusing again on the steady state, we first note that since

the average of the derivative (54a) vanishes, the mean-field

entropy production takes the same form as for the linear

example [see Eq. (60)]. We thus obtain for the entropy pro-

duction of fluctuations

Dr¼ k1 ax2þk�2 b�ðk�1 x3þk2 xÞþw1þw�2�w�1�w2

� �
	A1þkB ln

k1 k2 a

k�1 k�2 b
k2Dx�k�2 bþw2�w�2ð Þ: (77)

The first term in (77) is equal to A1 dx=dt, and its average

vanishes again for long times. The mean of the entropy pro-

duction due to fluctuations is thus given by

Dr ¼ k2 Dx kBln
k1 k2 a

k�1 k�2 b
: (78)

Here, contrary to the case of model 1, Dx 6¼ 0 in the

most general case since the evolution law (53) is nonlinear.

The deviation from the mean-field value can be estimated by

averaging Eq. (74) over the noise, which at the steady state

leads to

FIG. 1. Probability distribution of the time-averaged Glansdorff-Prigogine

(a) and mesoscopic (b) entropy productions for the linear model 1. The verti-

cal line in (a) indicates the value of the minimum entropy production as pre-

dicted from Eq. (73a). The histograms were obtained from 50 000

realizations of the stochastic differential Eq. (55) (Euler-Maruyama algo-

rithm with Stratonovich interpretation), for a¼ 3, b¼ 1, ki¼ 1, N¼ 100, and

a total time t¼ 10 with dt ¼ 1	 10�5.
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k1 a x2
s � k�1 x3

s � k2 xs þ k�2 b ¼ 0: (79)

Expanding the moments of x in powers of dx ¼ x� �xs in the

above equation and subsequently developing �x around xm

give the leading order

Dx ¼ � 3 k�1 xm � k1 a

2 k1 a xm � 3 k�1 xmð Þ2 � k2

" #
dx2

s: (80)

The value taken by Dr at the steady state thus depends on

the kinetic details of the reactions through the value taken by

Dx and also on the overall affinity of the reaction since

kB ln
k1 k2 a

k�1 k�2 b
¼ A1 þA2: (81)

This connection with the global affinity A1 þA2 ensures that

Dr ¼ 0 at equilibrium as expected. We observe however that

it can also be zero out of equilibrium, whenever xm ¼ k1 a=
ð3 k�1Þ. For other values of the control parameter, the mean

entropy production can be either larger or smaller than the

mean-field value: contrary to what intuition might suggest,

fluctuations do not always lead to more dissipation in the

sense of more entropy production. Figure 2 plots Dr
 ¼ Dr=
ðkB dx2

sÞ as a function of the concentration b for a specific

choice of parameters. The dots in this figure stand for an eval-

uation of the entropy of fluctuations from numerical integra-

tions of the full Eq. (74). The agreement with the analytic

estimate is excellent. The distribution of entropy production

around this mean can be evaluated like before with a series of

the type (63) in the small noise limit. Moreover, since in the

same limit the stochastic evolution law (74) can be considered

to define an Ornstein-Uhlenbeck process, Zt, Vt, and Rt are

again expected to obey a Gaussian probability distribution.

For small systems where the weak-noise limit is expected to

fail, the steady-state distribution of the probability density

qðxÞ will however present asymmetries that will be inherited

by the entropy production (see Ref. 10 for an example).

B. Master equation approach

We start with the linear model [Eq. (51)]. The condi-

tional probabilities per unit time in the master Eq. (29a) for

the four reaction steps and their reverse are

w1ðXjX � 1Þ ¼ k1 A; w�1ðX � 1jXÞ ¼ k�1 X

w2ðXjX þ 1Þ ¼ k�1 ðX þ 1Þ; w�2ðX þ 1jXÞ ¼ k1 A

w3ðXjX � 1Þ ¼ k�2 B; w�3ðX � 1jXÞ ¼ k2 X

w4ðXjX þ 1Þ ¼ k2 ðX þ 1Þ; w�4ðX þ 1jXÞ ¼ k�2 B;

(82)

where we denote by capital letters the number of particles of

the corresponding species. The steady-state solution of Eq.

(29a) is then the Poisson distribution

Ps ¼ e�Xm
XX

m

X!
; (83)

where Xm is the steady-state solution of the mean-field rate

equation (52a) in which the concentrations a and b are

replaced by their extensive counterparts A and B.

The full stochastic entropy production reads [Eqs. (47b)

and (48)]

rI¼
1

2

X
X

�
k1 APðX�1Þ�k�1 XPðXÞ½ � lnk1 APðX�1Þ

k�1 XPðXÞ

þ k�1 ðXþ1ÞPðXþ1Þ�k1 APðXÞ½ � lnk�1 ðXþ1ÞPðXþ1Þ
k1 APðXÞ

þ k2 ðXþ1ÞPðXþ1Þ�k�2 BPðXÞ½ � lnk2 ðXþ1ÞPðXþ1Þ
k�2 BPðXÞ

þ k�2 BPðX�1Þ�k2 XPðXÞ½ � lnk�2 BPðX�1Þ
k2 XPðXÞ


:

(84)

Factoring out P(X) in the sum over X and noticing that

PsðX � 1Þ
PsðXÞ

¼ X

Xm
;

PsðX þ 1Þ
PsðXÞ

¼ Xm

X þ 1
; hXi ¼ Xm

on the grounds of Eq. (83), one sees straightforwardly that the

first two and the last two terms in (84) are equal. Expression

(84) reduces then in the steady state to

rI ¼ k1 A� k�1 Xmð Þ ln k1 A

k�1 Xm
þ k2 Xm � k�2 Bð Þ ln k2 Xm

k�2 B

¼ N

kB
rm; (85a)

where N is the size parameter and rm is the mean-field value

of the entropy production of classical irreversible thermody-

namics [Eq. (52b)]. It follows that the entropy production of

the fluctuations vanishes identically in this system

Dr ¼ 0: (85b)

This conclusion actually applies to all linear systems for which,

therefore, classical irreversible thermodynamics follows as an

exact consequence of the master equation description.

FIG. 2. Mean entropy production of fluctuations Dr
 (see text) for the model

(53), as a function of the control parameter b. The other kinetic parameters

are all set to 1 and N¼ 1000. The dots correspond to the outcome of numeri-

cal integrations of (74) (Euler-Maruyama, total time¼ 10, and the

Stratonovich interpretation was used) averaged over 10 000 realizations of

the corresponding stochastic differential equation, with dt ¼ 1	 10�5. The

plain curve is the analytical prediction (78) combined with (80). The dashed

line is used to highlight the states of zero entropy production of fluctuations.
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We next consider the Schl€ogl model [Eq. (53)]. The con-

ditional probabilities per unit time compatible with the exten-

sivity condition (29b) are

w1ðXjX � 1Þ ¼ k1 A ðX � 1Þ ðX � 2Þ=N2;

w�1ðX � 1jXÞ ¼ k�1 X ðX � 1Þ ðX � 2Þ=N2

w2ðXjX þ 1Þ ¼ k�1 ðX þ 1ÞX ðX � 1Þ=N2;

w�2ðX þ 1jXÞ ¼ k1 A X ðX � 1Þ=N2

w3ðXjX � 1Þ ¼ k�2 B;

w�3ðX � 1jXÞ ¼ k2 X

w4ðXjX þ 1Þ ¼ k2 ðX þ 1Þ;
w�4ðX þ 1jXÞ ¼ k�2 B:

(86)

The steady-state solution of the master equation (29a) corre-

sponding to (86) satisfies the zero overall probability flux

condition, also referred to as the generalized detailed balance

condition

k1

N2
A ðX � 1Þ ðX � 2Þ þ k�2 B


 �
PsðX � 1Þ

¼ k�1

N2
X ðX � 1Þ ðX � 2Þ þ k2 X


 �
PsðXÞ: (87)

The entropy production [Eqs. (47b) and (48)] reads

rI ¼
1

2

X
X

�
k1

N2
A ðX� 1Þ ðX� 2ÞPðX� 1Þ




�k�1

N2
X ðX� 1ÞðX� 2ÞPðXÞ

�
	 ln

k1 APðX� 1Þ
k�1 X PðXÞ

þ k�1

N2
ðXþ 1ÞX ðX� 1ÞPðXþ 1Þ� k1

N2
AX ðX� 1ÞPðXÞ


 �

	 ln
k�1 ðXþ 1ÞPðXþ 1Þ

k1 APðXÞ þ k2 ðXþ 1ÞPðXþ 1Þ½

�k�2 BPðXÞ� lnk2 ðXþ 1ÞPðXþ 1Þ
k�2 BPðXÞ þ k�2 BPðX� 1Þ½

�k2 X PðXÞ� lnk�2 BPðX� 1Þ
k2 X PðXÞ


: (88)

Limiting ourselves to the steady state, using the zero proba-

bility flux property (87) and combining the first and fourth

and the second and third terms in Eq. (88), we can further

reduce this expression to the simpler form

rI ¼
1

2

X
X

f k�2 B PðX � 1Þ � k2 X PðXÞ½ � þ k�2 B PðXÞ½

�k2 ðX þ 1ÞPðX þ 1Þ�g 	 ln
k�1 k�2 B

k1 k2 A
(89)

or, using the normalization of P and the definition of the first

moment

rI ¼ ln
k�1 k�2 B

k1 k2 A
k�2 B� k2 hXið Þ: (90)

On the other hand, the mean-field entropy production can be

written in the form [cf. Eq. (54)]

rm ¼ kB ln
k1 k2 a

k�1 k�2 b
k2 xm � k�2 bð Þ: (91)

Comparing with (90) and setting

hXi ¼ N ðxm þ DxÞ (92)

we obtain

rI ¼
N

kB
rm þ Drð Þ (93a)

with

Dr ¼ k2 Dx ln
k1 k2 A

k�1 k�2 B
: (93b)

We conclude that the entropy production of the fluctuations

Dr arises from the fact that, due to the nonlinearity, averages

and mean-field values differ by an amount Dx. This is in

accordance with the conclusion reached using the extended

local equilibrium approach of Sec. IV A. We recall that in

the master equation approach, Dr is not a random variable

but corresponds rather to the mean value of the entropy pro-

duction of the fluctuations obtained in the extended local

equilibrium approach.

It should be pointed out that in evaluating rI, it is essen-

tial to use the fluxes and forces associated with different ele-

mentary processes present. Using instead global forward and

backward fluxes as they appear in the two sides of Eq. (87)

along with the associated forces would lead to the trivial

result where the steady-state entropy production vanishes

identically. A similar result arises at the level of a Fokker-

Planck description.

V. CONCLUSIONS

There is currently a revival of irreversible thermodynam-

ics, driven by the search of a unifying description applicable to

large classes of complex systems that may operate under con-

ditions beyond the realm of traditional thermodynamics.27–29

In this work, we outlined an approach toward an extension of

irreversible thermodynamics incorporating the fluctuations of

the macroscopic observables arising from microscopic-scale

processes. We proposed two complementary definitions of

entropy, one as a random field depending on the fluctuating

state variables and one in terms of probability distributions.

We subsequently derived entropy balance equations from

which a generalized entropy flux and entropy production could

be identified. We showed that in the absence of fluctuations,

these quantities reduce to those of classical irreversible thermo-

dynamics pioneered by Prigogine and analyzed their principal

properties in the presence of fluctuations. We derived global

stability and variational properties extending those of the mac-

roscopic theory and highlighted the role of time asymmetry as

expressed by the breakdown of detailed balance between dif-

ferent elementary processes present and their reverses. We

assessed the role of nonlinearities in the entropy production of
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the fluctuations and determined its statistical properties beyond

the mean values by deriving its probability density function.

This quantity possesses a positive mean value, a property that

can be regarded as the expression of the second law of thermo-

dynamics. However, owing to the presence of fluctuations, it

also displays a tail in the region of negative values, reflecting

that with some probability, different fluxes present may not be

aligned to the corresponding forces. The probability of such

events is however exponentially penalized with the system size

and the time.

A crucial point stressed throughout this work is the need

to define the different quantities of interest and entropy produc-

tion, in particular, in terms of individual processes contributing

to the evolution of the observables and of their probability dis-

tributions. Failure to account for this leads to false conclusions

as, for example, that the generalized entropy production van-

ishes identically at the steady state for one-variable Markov

processes. Special care should be devoted in this respect to

the Fokker-Planck equation description where, contrary to the

master equation description, all processes are lumped into the

rate functions fi featured in the mean-field description (6) or in

the associated Langevin equations (32).11,29

Stochastic thermodynamics is still in its infancy. Its formu-

lation and its applications are based on the assumption that the

dynamics of fluctuations is described by a Markov process. It

would be undoubtedly desirable to extend the current setting to

stochastic processes with memory or to deterministic processes

giving rise to complex chaotic signals, as could be expected to

be the case in systems with few degrees of freedom. The connec-

tion with information theoretic concepts highlighted throughout

Sec. III is also worth developing further. The Shannon and

dynamical entropies are of special interest in this respect. They

are connected with the underlying dynamics through the

Kolmogorov-Sinai entropy, and at the same time, when appro-

priate limits are taken, they reduce to quantities playing a central

role in classical irreversible thermodynamics such as the entropy

production. Such relations are instrumental in addressing prob-

lems at the interface between the computation theory and the

foundations of irreversibility.30–32 They should be analyzed fur-

ther and extended to other complexity measures such as Renyi

entropies or non-extensive entropies33,34 suitable for modelling

multifractal structures and processes. All in all, thanks to its

remarkable flexibility and its ability of self-renewal, today irre-

versible thermodynamics is ready to fulfill in a profoundly

transformed form its unique role in science as foreseen 70 years

ago by its founding father, Ilya Prigogine.
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