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Abstract
The formation of somites in the course of vertebrate segmentation is governed by an oscillator known as the segmentation clock, which
is characterized by a period ranging from 30 min to a few hours depending on the organism. This oscillator permits the synchronized
activation of segmentation genes in successive cohorts of cells in the presomitic mesoderm in response to a periodic signal emitted by the
segmentation clock, thereby deﬁning the future segments. Recent microarray experiments [Dequeant, M.L., Glynn, E., Gaudenz, K.,
Wahl, M., Chen, J., Mushegian, A., Pourquie, O., 2006. A complex oscillating network of signaling genes underlies the mouse
segmentation clock. Science 314, 1595–1598] indicate that the Notch, Wnt and Fibroblast Growth Factor (FGF) signaling pathways are
involved in the mechanism of the segmentation clock. By means of computational modeling, we investigate the conditions in which
sustained oscillations occur in these three signaling pathways. First we show that negative feedback mediated by the Lunatic Fringe
protein on intracellular Notch activation can give rise to periodic behavior in the Notch pathway. We then show that negative feedback
exerted by Axin2 on the degradation of b-catenin through formation of the Axin2 destruction complex can produce oscillations in the
Wnt pathway. Likewise, negative feedback on FGF signaling mediated by the phosphatase product of the gene MKP3/Dusp6 can
produce oscillatory gene expression in the FGF pathway. Coupling the Wnt, Notch and FGF oscillators through common intermediates
can lead to synchronized oscillations in the three signaling pathways or to complex periodic behavior, depending on the relative periods
of oscillations in the three pathways. The phase relationships between cycling genes in the three pathways depend on the nature of the
coupling between the pathways and on their relative autonomous periods. The model provides a framework for analyzing the dynamics
of the segmentation clock in terms of a network of oscillating modules involving the Wnt, Notch and FGF signaling pathways.
r 2008 Elsevier Ltd. All rights reserved.
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1. Introduction
The segmented or metameric aspect of the body axis is a
basic characteristic of many animal species ranging from
invertebrates to human. The vertebrate body is built on a
metameric organization, which consists of a repetition
along the antero-posterior (AP) axis of functionally
equivalent units, each comprising a vertebra, its associated
muscles, peripheral nerves and blood vessels. The segmented distribution of vertebrae derives from the earlier
metameric pattern of the embryonic somites which are
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epithelial spheres generated in a rhythmic fashion from the
mesenchymal presomitic mesoderm (PSM). The segmental
pattern was proposed to be established in the PSM by a
mechanism involving an oscillator (the segmentation clock)
which is thought to set the periodicity of the process (see
scheme in Fig. 1), and a traveling wavefront deﬁned by
antagonistic gradients of the signaling molecules Fibroblast
Growth Factor (FGF) and retinoic acid (RA), which
controls the spacing mechanism of somite boundaries
(Pourquié, 2003; Dubrulle and Pourquié, 2004; Delﬁni
et al., 2005). We recently proposed a model in which the
mutual antagonism of FGF and RA gradients generates a
sharp threshold associated with a phenomenon of bistability (Goldbeter et al., 2007). This phenomenon, which
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Fig. 1. Scheme illustrating the operation of the segmentation clock in the
presomitic mesoderm (PSM) in chick embryos. Oscillations originate at
the posterior end of the PSM and propagate as a transcription wave (in
gray) toward the anterior end where the periodic signal emitted by the
clock triggers the expression of genes, such as Mesp2, speciﬁc for somite
formation (not shown). Each cycle of the segmentation clock oscillation
corresponds to the formation of a new pair of somites. Growth of the
PSM at the posterior end occurs continuously until the ﬁnal number of
somites is reached. The period of the segmentation clock in chick embryos
is close to 90 min.

involves the coexistence between two stable steady states, is
restricted to a deﬁned AP level within the PSM. We
suggested that the abrupt bistable steady-state switch that
can occur in this window can explain the coordinated
segmental gene activation which takes place in presumptive
segments in response to the periodic signal of the
segmentation clock.
The existence of the segmentation clock has been
substantiated by numerous experimental observations,
which ﬁrst showed that genes in the Notch signaling
pathway are expressed in a periodic manner, with a period
of the order of 90 min in the chick embryo (Fig. 1)
(Palmeirim et al., 1997; Pourquié, 2003; Giudicelli and
Lewis, 2004). Negative feedback on gene expression
appears to underlie the periodic transcription of the gene
Lunatic fringe (lfng) (Dale et al., 2003). The segmentation
clock also involves oscillations in the Wnt signaling
pathway, which appear to govern the periodic operation
of the Notch pathway (Aulehla et al., 2003). Microarray
studies of the mouse PSM transcriptome recently revealed
(Dequeant et al., 2006) that the oscillator associated with
the segmentation clock drives the periodic expression of a
large network of cyclic genes involved in the Notch, Wnt
and also the FGF signaling pathways. The cyclic genes
identiﬁed in the Notch and FGF pathways oscillate
synchronously, but in antiphase with respect to the cyclic
genes in the Wnt pathway. By this microarray approach,
six of the eight known mouse cyclic genes—Hes1, Hes5,
Hey1, Lfng, Axin2 and Nkd1—were identiﬁed with periods
of 94, 102, 112, 81, 102 and 112 min, respectively
(Dequeant et al., 2006). The observations of Dequeant et
al. (2006) throw light on the molecular nature of the
segmentation clock and suggest that it relies on coupled
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oscillations in the Wnt, FGF and Notch signaling pathways. The antiphase relationship between the genes
cyclically expressed in the FGF and Notch pathways on
one hand, and the Wnt pathway on the other hand, further
points to the existence of cross-talk between the FGF/
Notch and Wnt pathways possibly in the form of mutual
inhibition (Dequeant et al., 2006).
Here, turning to the nature of the oscillatory process
involved in the clock and wavefront mechanism (Cooke
and Zeeman, 1976), we propose a model for the segmentation clock in amniotes like chick and mouse. The model is
based on a network of coupled oscillators in the Wnt, FGF
and Notch signaling pathways. We ﬁrst show how
oscillations can occur in each of the three pathways, as a
result of negative feedback regulation, in the presence of a
constant level of an external triggering signal. We then
study the oscillatory behavior of the coupled Notch–
Wnt–FGF signaling network and discuss possible mechanisms capable of accounting for the tight temporal
coordination of cycling genes oscillations in the mouse
PSM. Our approach at this stage is qualitative rather than
quantitative, as we wish to explore the dynamical
consequences of negative feedback regulation within each
pathway and of the coupling between the Wnt, Notch and
FGF pathways without trying to use experimentally
established parameter values, many of which have yet to
be determined. By including the interactions between the
FGF, Wnt and Notch signaling pathways the model differs
from previously proposed models which show how
autonomous oscillations can arise due to Notch signaling
in zebraﬁsh (Lewis, 2003; Monk, 2003) or to the interaction
between Notch and Wnt signaling in mice (RodriguezGonzalez et al., 2007).
The modeling approach allows us to address a series
of questions: (i) can the coupling of the Notch, Wnt
and FGF oscillators result in their synchronization?
(ii) Does synchronization require that the autonomous
periods of the three oscillating pathways, i.e. their period
in the absence of coupling, be sufﬁciently close to each
other? (iii) Can quasiperiodic, complex periodic or
aperiodic (i.e. chaotic) oscillations result from the coupling of the three oscillating pathways when their autonomous periods are too far apart from each other? (iv) Is
mutual inhibition required to explain the antiphase
oscillations in the Wnt and in the FGF/Notch pathways,
or can this phase relationship be obtained in other
conditions?
Together with Marc Kirschner and co-workers, Reinhart
Heinrich modeled in great detail signal transduction in the
Wnt signaling pathway (Lee et al., 2003; Krüger and
Heinrich, 2004), without focusing, however, on the
possibility of oscillatory behavior. Here we examine the
conditions in which oscillations in the segmentation clock
might arise in the Wnt pathway, and also in the Notch and
FGF pathways, as a result of negative feedback regulation.
The model supports the view (Dequeant et al., 2006) that
the network formed by these three signaling pathways
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functioning as coupled oscillators underlies the segmentation clock that controls somitogenesis.
2. Oscillations in the Notch pathway
The possibility that the segmentation clock involves
oscillations in the Notch signaling pathway was the ﬁrst
documented experimentally (Palmeirim et al., 1997; Dale
et al., 2003) and was previously considered theoretically by
Lewis (2003) in zebraﬁsh and Monk (2003) in mouse, on
the basis of negative feedback involving the Hairy-related
genes. This family of transcription factors codes for
negative regulators that are able to regulate their own
transcription and in some cases act downstream of Notch.
Oscillations of the mouse Hairy and enhancer of split genes
Hes7 and Hes1 were reported in the mouse PSM, and Hes1
oscillations were also observed in ﬁbroblast cell cultures
synchronized by a serum shock (Hirata et al., 2002). These
authors also showed that Hes7 negatively regulates its own
transcription as well as that of Lunatic Fringe (Bessho et
al., 2003) and Hes1 and Hes7 oscillations could be modeled
in terms of negative feedback (Hirata et al., 2002, 2004).
Oscillations of the Hairy-related genes have been considered to reﬂect periodic Notch activation, but recent
experiments in zebraﬁsh argue against a role of this
pathway in the control of Her genes oscillations. These
results suggest that Notch is not required for Her
oscillations and that the major role of Notch in the system
is to synchronize the oscillatory behavior between cells
(Jiang et al., 2000; Riedel-Kruse et al., 2007). In amniotes
like mouse and chick, however, Notch signaling is required
for the oscillations of cyclic genes such as Lunatic fringe.
Furthermore, Notch-dependent negative feedback circuits
involving genes such as Lunatic fringe, which acts by
inhibiting the Notch pathway, have been described in

mouse and chick (Dale et al., 2003; Morimoto et al., 2005).
Oscillatory Lunatic fringe expression appears to play a key
role in somitogenesis (Serth et al., 2003).
Here we focus on a model of the Notch module of
intermediate complexity, which is schematized in Fig. 2c.
The Delta ligand binds to the Notch cell surface receptor,
activating its enzymatic cleavage at the membrane level,
which releases the Notch intracellular domain (NICD) in
the cytoplasm. The latter migrates to the nucleus where
it induces the expression of genes such as Lunatic fringe.
The protein product of the latter gene, Lunatic Fringe,
inhibits the cleavage of Notch into NICD, thus creating a
negative feedback loop in Notch signaling. Here we do
not consider explicitely the Hes7 based negative feedback
loop because its relationship with the Notch pathway is
still unclear.
The temporal evolution of the Notch module is governed
by the kinetic equations Eqs. (A.1)–(A.5) given in
Appendix A. This set of ordinary differential equations
describes the time evolution of the ﬁve variables of the
Notch module, which are the concentrations of: Notch,
NICD, nuclear NICD, mRNA of the Lunatic fringe gene
and Lunatic Fringe protein. For an appropriate set of
parameter values, numerical integration of the kinetic
equations Eqs. (A.1)–(A.5) shows that sustained oscillations in all ﬁve variables can occur in a given range of
(constant) Notch levels. The Lunatic fringe gene is
expressed periodically (see the oscillatory time course of
its mRNA in Fig. 3), as a result of oscillations in the level
of the active form of the transcriptional regulator, NICD.
Here the negative feedback is not exerted directly at the
transcriptional level, but rather at an early step of
activation of the transcriptional regulator NICD preceding
its translocation into the nucleus. This is in contrast to the
negative feedback on transcription that plays a key role in

Fig. 2. Model for the segmentation clock based on negative feedback loops in the coupled FGF, Wnt and Notch signaling pathways. The negative
feedback in the FGF module (a) is based on the inhibition exerted on FGF signaling by the phosphatase Dusp6 that is induced in the FGF signaling
pathway. The negative feedback in the Wnt module (b) is based on the induction of Axin2 accumulation by b-catenin and the participation of Axin2 in the
destruction complex, consisting of Axin2 and kinase Gsk3, which leads to b-catenin degradation. The negative feedback in the Notch module (c) involves
the inhibition exerted by the protein Lunatic Fringe, induced by Notch signaling, on Notch activation into its intracellular domain NICD. These negative
feedback loops can produce autonomous, sustained oscillations in each of the three signaling modules (Fig. 3). When the three modules are coupled, they
cease to oscillate at their own, distinct period and become synchronized if their periods prior to coupling are sufﬁciently close to each other (Fig. 4). Two
coupling interactions are shown, for illustrative purpose. First, free Gsk3 inhibits the activation by NICD of Lunatic fringe gene expression, which couples
Wnt to Notch signaling. Second, the transcription factor Xa activated in the FGF signaling pathway co-induces the expression of the Axin2 gene, together
with b-catenin. This regulation couples FGF to Wnt signaling (see text for further details).
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Fig. 3. Oscillations in the Notch, Wnt and FGF modules in the absence of
coupling between the three signaling pathways. The curves show the
oscillatory mRNA proﬁles corresponding to periodic expression of the
genes Lunatic fringe in the Notch pathway, Axin2 in the Wnt pathway,
and MKP3/Dusp6 in the FGF pathway. The data were obtained by
numerical integration of Eqs. (A.1)–(A.16) which govern the time
evolution of the Notch, Wnt and FGF modules, respectively (see
Appendix). Numerical integration was performed by means of the
Berkeley Madonna program, using the routine for stiff differential
equations. Because the three pathways are uncoupled, each oscillates with
a distinct autonomous period. Consequently, in contrast to what occurs in
the case of coupling (see Fig. 4), the phase relationship between the genes
oscillating in the three pathways changes in the course of time. Parameter
values selected for the three modules (see Table A.1 in Appendix) give
a period close to 66, 100 and 113 min for the mRNAs of Axin2,
MKP3/Dusp6 and Lunatic fringe, respectively.

the molecular mechanism of circadian rhythms (Dunlap,
1999; Goldbeter, 2002).
3. Oscillations in the Wnt pathway
Turning to the Wnt signaling module, we consider the
minimal model schematized in Fig. 2b. The Wnt signal
triggers the synthesis of the protein Dishevelled (Dsh)
which inhibits the protein kinase Gsk3 in a Dsh-dependent
manner. Gsk3 then forms with the protein Axin2 and with
b-catenin the ‘‘destruction complex’’, which phosphorylates b-catenin into the form b-catenin-P marked for
degradation by the proteasome machinery. Inhibition of
Gsk3 by Dsh results in inhibition of the destruction
complex and allows the accumulation of b-catenin, which
then migrates to the nucleus and triggers the expression of
a number of genes, among which the gene of Axin2. The
ensuing synthesis of the Axin2 protein contributes to
increase the level of the destruction complex, thereby
inducing a decrease in the level of b-catenin. This negative
feedback loop differs in nature from that described above
for the Notch signaling module. Here, negative feedback
operates via the formation of a protein complex allowing
the destruction of the transcription factor b-catenin that
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leads to the accumulation of a protein, Axin2, involved in
the very formation of this destruction complex.
The temporal evolution of the Wnt module is governed
by the kinetic equations Eqs. (A.6)–(A.11) given in
Appendix A. This set of ordinary differential equations
describes the time evolution of the six variables of the Wnt
module, which are the concentrations of: the kinase Gsk3,
the cytosolic dephosphorylated and phosphorylated forms
of b-catenin, the nuclear form of b-catenin, the Axin2
mRNA, and the Axin2 protein. In simulating the effect of
the Wnt signal, we do not consider Wnt explicitly but
assume that a constant level of Wnt corresponds to a
constant level of Dsh, which is treated as a parameter.
Here again, for an appropriate set of parameter values,
numerical integration of the kinetic equations Eqs.
(A.6)–(A.11) shows that sustained oscillations in all six
variables can occur in a given range of (constant) Wnt
levels. The Axin2 and Gsk3 proteins oscillate out of phase.
Representative of the oscillating dynamics of the Wnt
pathway, the periodic variation of Axin2 mRNA is shown
in Fig. 3. The period of the oscillations in Axin2 mRNA
can differ from that of oscillations of Lunatic Fringe
mRNA in the Notch pathway shown in Fig. 3, since the
two signaling pathways are not coupled at this stage and
therefore function as independent oscillators.
4. Oscillations in the FGF pathway
The highly simpliﬁed model for the FGF signaling
module is represented schematically in Fig. 2a. We consider
that the FGF signal triggers the activation of Ras, which
eventually activates the MAP kinase ERK into ERKa. The
latter kinase, through reversible phosphorylation, activates
a transcription factor, denoted X, which probably belongs
to the ETS family (Lunn et al., 2007). This transcription
factor induces the expression of the gene MKP3/Dusp6,
which encodes a phosphatase that inactivates ERKa (Li
et al., 2007) (similar results are obtained when assuming
that the phosphatase MKP3/Dusp6 inactivates the active,
phosphorylated form of Ras). The resulting negative
feedback loop differs in nature from those described above
for the Notch and Wnt signaling modules. Here, negative
feedback is based on inactivation of a component of the
FGF signaling pathway through dephosphorylation by a
phosphatase induced by FGF signaling. Because the
regulation is based on reversible protein phosphorylation,
we assume that the total amounts of ERK and X remain
constant so that the proteins alternate periodically between
their active and inactive forms in the course of FGFtriggered oscillations.
The temporal evolution of the FGF module is governed
by the kinetic equations Eqs. (A.12)–(A.16) given in
Appendix A. This set of ordinary differential equations
describes the time evolution of the ﬁve variables of the
FGF module, which are the concentrations of: the active
forms of Ras, ERK and of the transcription factor X,
MKP3-Dusp6 mRNA, and the phosphatase MKP3-Dusp6.
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Numerical integration of the kinetic equations Eqs. (A.12)–
(A.16) shows that for an appropriate set of parameter
values, sustained oscillations in all ﬁve variables can occur
in a given range of (constant) FGF levels. We illustrate the
oscillatory dynamics of the FGF pathway by showing in
Fig. 3 the periodic evolution of MKP3-Dusp6 mRNA. We
note again that the period of oscillations in MKP3-Dusp6
mRNA can differ from that of oscillations of Lunatic fringe
mRNA in the Notch pathway and of Axin2 mRNA in the
Wnt pathway, since the three signaling modules are not
coupled at this stage and therefore oscillate in parallel at
their own pace.
5. Coupling oscillations in the Notch, Wnt and FGF
signaling pathways
Several observations indicate that oscillations in the
Notch, Wnt and FGF pathways can occur independently
from each other, i.e. in parallel, but are nevertheless
coupled in physiological conditions. Moreover, a hierarchy
appears to exist, as Wnt oscillations drive oscillations in the
Notch pathway (Aulehla et al., 2003). FGF appears to act
upstream of Wnt, which acts upstream of Notch (Niwa et
al., 2007; Wahl et al., 2007). Oscillations in the FGF
pathway can occur in the absence of Notch signaling
(Dequeant et al., 2006). Finally, the mouse transcriptome
study shows that cycling genes in the Notch and FGF
pathways oscillate synchronously, in antiphase with cycling
genes from the Wnt pathway. These observations suggest
that the Wnt pathway may be coupled to the FGF and
Notch pathways through mutual inhibition (Dequeant
et al., 2006). The precise nature of such a coupling remains
unclear, but mutual inhibition of the FGF and Wnt
pathways has been reported in other developmental
processes such as sex determination in mammals (Kim
et al., 2006). In the absence of precise information about
the nature of cross-talk between Wnt, Notch and FGF
signaling in the course of somitogenesis in the PSM, we will
examine one hypothetical mode of coupling between these
signaling pathways to show that it can readily lead to
synchronization of the three oscillating modules.
For coupling the Wnt and Notch pathways we will
assume, for simplicity, that the free form of the kinase
Gsk3 (K), which plays a key role in the Wnt pathway (see
Fig. 2), directly inhibits the activation of Lunatic fringe
expression by the nuclear form of NICD in the Notch
pathway. This assumption is one way to express the
observation that Gsk3 can exert a negative regulation on
Notch signaling (Espinosa et al., 2003). Then the maximum
rate vsF of expression of the Lunatic fringe gene in Eq. (A.4)
is replaced by the rate vsFK given by Eq. (A.17). For
coupling the Wnt and FGF pathways, we assume that the
expression of the gene Axin2 in the Wnt pathway is
induced not only by b-catenin but also by the transcription
factor X activated in the FGF pathway. The kinetic
Eq. (A.10) governing Axin2 gene expression must then be
replaced by Eq. (A.18). This is one way of reﬂecting

the fact that FGF acts upstream of Wnt (Wahl et al.,
2007).
In coupling the Wnt, Notch and FGF signaling pathways we therefore assume a direct inhibitory effect of the
Wnt pathway on the Notch pathway through the kinase
Gsk3, as well as a direct activating effect of the FGF
pathway on the Wnt pathway through induction by
transcription factor X of Axin2 expression. Let us stress
again that these particular modes of coupling are retained
here for illustrative purpose mainly. Many other types of
coupling are possible, some of which involve mutual
activation or inhibition. The assumptions retained here
hold with the observations that Wnt acts upstream of
Notch and that FGF acts upstream of Wnt.
When the dynamics of the coupled system formed by the
Wnt, Notch and FGF modules is determined by numerical
integration of Eqs. (A.1)–(A.16) subjected to the changes
speciﬁed by Eqs. (A.17) and (A.18), sustained oscillations
are again obtained, but in contrast to the case of
independent oscillations when the three signaling pathways
are uncoupled and oscillate each at their own pace (Fig. 3),
the oscillations in the Wnt, Notch and FGF pathways are
now synchronized (Fig. 4). In the presence of coupling, the
oscillations in the concentrations of mRNAs of Lunatic
fringe, Axin2 and MKP3-Dusp6 have indeed the same

Fig. 4. Synchronized oscillations in the Notch, Wnt and FGF modules in
the presence of coupling between the three signaling pathways. As in Fig.
3, the curves show the oscillatory mRNA proﬁles corresponding to
periodic expression of the genes Lunatic fringe in the Notch pathway,
Axin2 in the Wnt pathway, and MKP3/Dusp6 in the FGF pathway. The
data are obtained by numerical integration of Eqs. (A.1)–(A.16) governing
the time evolution of the Notch, Wnt and FGF modules, respectively (see
Appendix A), subjected to the changes expressed by Eqs. (A.17) and
(A.18). Numerical integration was performed by means of the Berkeley
Madonna program, using the routine for stiff differential equations.
Parameter values are the same as in Fig. 3, and are listed in Table A.1; the
values of the additional parameters appearing in Eqs. (A.17) and (A.18)
are also listed in Table A.1. Because the three pathways are now coupled,
each oscillates with the same period, close to 100 min, and the phase
relationships between the genes oscillating in the three pathways remain
ﬁxed in the course of time.
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A. Goldbeter, O. Pourquié / Journal of Theoretical Biology 252 (2008) 574–585

period and possess ﬁxed phase relationships with respect to
each other. As observed in the experiments (Dequeant
et al., 2006), the Lunatic fringe and MKP3-Dusp6 genes are
expressed well out of phase with respect to the Axin2 gene
in the Wnt pathway, even though the oscillations are not
fully in antiphase.
The amplitude of Axin2 mRNA oscillations is higher
than in the case of Fig. 3. This is due to our assumption
that in the case of coupling, transcription of the Axin2 gene
is induced not only by b-catenin but also by the
transcription factor X activated in the FGF signaling
pathway. Because the same rate of induction by b-catenin
is used in the two cases, the additional induction by X
enhances the synthesis of Axin2 mRNA.
When oscillations in the Wnt, Notch and FGF signaling
pathways synchronize, their phase relationships closely
depend on the nature of the cross-talk between the three
pathways. Also inﬂuencing the phase relationships are the
relative values of the autonomous period of each of the
three oscillating pathways prior to coupling. The kinetic
equations for the FGF, Wnt and Notch signaling modules
were multiplied by scaling parameters Z, e, and y (see
Appendix A) so that the relative periods of the three
oscillators could easily be changed.
6. Discussion
The segmentation clock that controls the periodic
formation of somites in vertebrate embryos provides one
of the most remarkable examples of biological rhythm.
This oscillatory phenomenon plays a key physiological role
in embryogenesis, and is characterized by the fact that it
combines temporal with spatial self-organization (Pourquié, 2003). The existence of a segmentation clock was
initially hypothesized on theoretical grounds (Cooke and
Zeeman, 1976). Experimental evidence for its existence was
ﬁrst obtained in the form of periodic expression of genes
associated to the Notch pathway (Palmeirim et al., 1997;
Dale et al., 2003), and to the Wnt pathway (Aulehla et al.,
2003). Recent microarray experiments on the mouse
embryonic transcriptome conﬁrmed that gene expression
in the Wnt and Notch signaling pathways oscillates with
the period of the segmentation clock, and further showed
that genes of the FGF signaling pathway oscillate in phase
with those of the Notch pathway, and in antiphase with
periodic transcriptional activity in the Wnt pathway
(Dequeant et al., 2006).
In this paper, we examined by means of computational
modeling the view (Dequeant et al., 2006) that the Wnt,
Notch and FGF signaling pathways oscillate as a result of
negative feedback regulation and synchronize to form a
network of periodically expressed genes that underlies the
segmentation clock. We considered a model of intermediate complexity for each of the Wnt, Notch and FGF
modules and showed that sustained oscillations can indeed
occur in each of these pathways in an autonomous manner,
i.e. in the absence of coupling between the three signaling
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pathways. The nature of the negative feedback loop that is
responsible for oscillatory behavior differs in each case. In
the Notch pathway, the Lunatic Fringe protein induced by
Notch signaling inhibits the enzymatic cleavage of the
Notch ligand into its active intracellular moiety NICD. In
Wnt signaling, it is the protein Axin2 induced by b-catenin
upon Wnt stimulation that forms with the kinase Gsk3
the destruction complex that leads to b-catenin degradation. Finally, in the FGF pathway, the phosphatase
MKP3-Dusp6 induced by FGF signaling inhibits, through
dephosphorylation, a preceding step in the FGF signal
transduction cascade.
In view of the disparity of these regulatory mechanisms,
there is no reason that autonomous oscillations in the three
signaling pathways should be characterized by the same,
unique period. This is the reason why in the absence of
coupling, the oscillations shown in Fig. 3 occur with
different periods for the expression of the Lunatic fringe
gene in the Notch pathway, the Axin2 gene in the Wnt
pathway and the gene MKP3/Dusp6 in the FGF pathway.
We nevertheless chose, arbitrarily, parameter values such
that the three periods differ but remain sufﬁciently close to
each other. Thus, in the case considered, the mRNAs of
Axin2, Lunatic fringe and MKP3/Dusp6 oscillate with a
period close to 66, 113 and 100 min, respectively. This
situation allows for the synchronization of the three
signaling pathways when coupling between them is
introduced (Fig. 4). The period of the synchronized
oscillations is then equal to the period of the FGF
oscillator, i.e. 100 min. Dominance by this module results
from the hierarchy of regulations considered between the
three oscillatory signaling pathways. If synchronization of
the three pathways is needed for proper operation of the
segmentation clock, we may expect that values of the
biochemical parameters for each pathway were selected in
the course of evolution so as to produce periods sufﬁciently
close to one another.
Experimental observations indicate that cycling genes in
the Notch pathway oscillate in phase with those in the
FGF pathway, but in antiphase with cycling genes in the
Wnt pathway (Dequeant et al., 2006). The present results
show that such phase relationships might not necessarily be
indicative of direct mutual inhibition between the Wnt
pathway, and the FGF and Notch pathways. Here, we
obtained oscillations of Axin2 mRNA well out of phase
with respect to those of Dusp6 and Lunatic fringe mRNAs
by assuming that FGF signaling activates Axin2 expression
in the Wnt pathway, while Gsk3 in the Wnt pathway
inhibits Lunatic fringe expression in the Notch pathway
(see Fig. 2). Such regulatory interactions do not appear to
reduce simply to mutual inhibition between Wnt with
respect to Notch and FGF signaling. The antiphase
relationship observed in the experiments could thus also
depend on the relative periods of the oscillators prior to
coupling and might thus originate, in principle, from a
variety of interactions between the three signaling pathways.
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Synchronization of the Wnt, Notch and FGF pathways requires that the autonomous periods of the three
modules in the absence of coupling do not differ too
much from each other. Complex oscillatory phenomena can occur in the absence of synchronization. We
expect that aperiodic oscillations corresponding to autonomous chaos or even multiple coexisting oscillatory
regimes might also arise in such conditions, as observed
in a variety of models in which multiple oscillatory
mechanisms are coupled within the same biochemical
system (Goldbeter, 1996). In the coupled model, we
observed complex periodic oscillations or quasiperiodic
oscillations. We also observed subharmonic entrainment,
for example when the Wnt and Notch oscillators
have a much shorter period than the FGF oscillator.
Several rounds of gene expression in the Wnt and/or
Notch modules can then occur for one round of gene
expression in the FGF pathway. More detailed studies of
the model for the coupled Wnt, Notch and FGF pathways should allow us to further clarify the conditions in
which synchronization occurs between the three signaling
modules.
The precise nature of the coupling between the Wnt,
Notch and FGF modules remains to be clariﬁed at the
molecular level. Many interactions have been reported
(Ishikawa et al., 2004), via direct mutual inhibition of Wnt
and FGF signaling as in mammalian sex determination
(Kim et al., 2006), or via the involvement of Gsk3 in both
the Wnt and Notch signaling pathways (Espinosa et al.,
2003). Direct activation of Notch signaling by Wnt has
been reported (Hofmann et al., 2004; Galceran et al., 2004).
Other modes of coupling between the three signaling
pathways are possible. Thus, the protein Sprouty, an
inhibitor of the FGF pathway, is induced by b-catenin,
which would create a coupling between the Wnt and
FGF modules (Katoh and Katoh, 2006). Here we
considered two hypothetical examples of cross-talk between the three pathways to explore the consequences of
coupling between oscillations in the Wnt, Notch and FGF
modules. The interactions between the three pathways are
likely to be more numerous and varied than those
considered here.
We did not perform a detailed numerical analysis to
determine the domains of sustained autonomous oscillations in parameter space for each of the three signaling
modules. Clearly oscillations occur only in precise conditions, often in a range bounded by two critical values of a
control parameter. To obtain synchronized oscillations
between the FGF, Wnt and Notch pathways, it is not
necessary that oscillations occur in all three signaling
modules in the absence of coupling. Autonomous oscillations in one or two of these pathways could sufﬁce to
entrain the remaining, non-oscillatory module(s). This
aspect deserves to be explored further and compared
with the results of experimental studies in which one
of the pathways is modiﬁed (Niwa et al., 2007; Wahl et al.,
2007).

The model outlined here should also allow us to
couple the segmentation clock with the mechanism that
governs developmental transitions at the determination
front level in the PSM. We recently showed by means
of a theoretical model that the antagonistic gradients of
RA and FGF along the PSM are capable of producing
a bistability phenomenon involving sharp transitions
between two stable steady states, as a result of mutual
inhibition of RA and FGF signaling (Goldbeter et al.,
2007). It is conceivable that the periodic signal from
the segmentation clock drives the transition of a group
of cells—which later will be committed to form a somite—
from a state of high FGF, low RA to a state of low
FGF, high RA. The question arises as to how the
segmentation clock might impinge on FGF and/or RA
signaling to trigger this bistable transition? One way is by
activation of RA synthesis by Wnt signaling, through
induction of the gene Raldh2, which encodes the
Ra-synthesizing enzyme (Olivera-Martinez and Storey,
2007). Based on the observations of Dequeant et al.
(2006) showing that the FGF pathway can oscillate
much as the Wnt and Notch pathway, the present results
raise an alternative possibility. Perhaps the role of
bistability is to allow oscillations on the upper branch
(high FGF) and to prevent them on the lower branch (low
FGF, high RA), thus allowing cell differentiation when
the level of FGF is constant and low instead of oscillating
(with Notch and Wnt) between an on and off state or
remaining high when on the upper branch? Oscillations
in FGF might also trigger a transition to the lower
branch (low FGF, high RA) in the bistability domain, with
the consequence that oscillations would stop and differentiation would ensue.
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Appendix A. Equations of the model for the Notch, Wnt and
FGF oscillators
A.1. Kinetic equations for oscillations in the Notch
signaling module
We incorporate into the model (see Fig. 2c) the
activation of the Notch protein by cleavage yielding active
Notch in the form of the NICD, the induction of the
Lunatic fringe gene by NICD, the translation of Lunatic
fringe mRNA into Lunatic Fringe protein and the negative
feedback exerted in a cooperative manner by the Lunatic
Fringe protein on the cleavage of Notch into NICD. The
variables are the concentrations of the Notch protein (N),
the cytosolic (Na) and nuclear (Nan) forms of the active
Notch protein NICD, Lunatic fringe mRNA (MF), and
Lunatic Fringe protein (F). The time evolution of these
variables is governed by the following set of kinetic
equations:
"



dN
N
¼  vsN  vdN
dt
K dN þ N


 kc N

K jIF
K jIF þ F j
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"
#
dNa
K jIF
Na
¼  kc N j
 Vtr ,
 VdNa
dt
K dNa þ Na
K IF þ F j


dNan
Nan
¼  Vtr  VdNan
,
dt
K dNan þ Nan


dM F
Napn
MF
¼  vsF p
 vmF
,
dt
K dmF þ M F
K A þ Napn


dF
F
¼  ksF M F  vdF
dt
K dF þ F

(A.2)

(A.3)
(A.4)

(A.5)

with Vtr ¼ kt1Nakt2Nan.
The parameters appearing in Eqs. (A.1)–(A.5) are
deﬁned in Table A.1, where the parameter values
considered for oscillations in the Notch module in Figs. 3
and 4 are listed. Parameter e is a scaling factor that allows
us to vary the period of the Notch oscillator relative to the
periods of the Wnt and FGF oscillators.
A.2. Kinetic equations for oscillations in the Wnt
signaling module

!#
,
(A.1)

We consider a simpliﬁed scheme for the Wnt signaling
pathway (see Fig. 2b) in which b-catenin plays a major

Table A.1
Deﬁnitions and values of the parameters used in Figs. 3 and 4 for the model for the segmentation clock based on coupled oscillations in the Notch, Wnt
and FGF signaling modules
Parameter

Deﬁnition

Numerical value

Notch module
vsN
vdN
KdN
kc
VdNa
KdNa
V dNan
K dNan
KIF
kt1
kt2
vsF
KA
vmF
K dmF
ksF
vdF
KdF
KIG1
j, p
e

Maximum rate of Notch synthesis
Maximum rate of Notch degradation
Michaelis constant for Notch degradation
Apparent ﬁrst-order rate constant for Notch (N) cleavage into NICD (Na)
Maximum rate of NICD degradation
Michaelis constant for NICD degradation
Maximum rate of nuclear NICD degradation
Michaelis constant for nuclear NICD degradation
Threshold constant for inhibition by Lunatic Fringe of Notch cleavage into NICD
Apparent ﬁrst-order rate constant for NICD entry into the nucleus
Apparent ﬁrst-order rate constant for NICD exit from the nucleus
Maximum rate of Lunatic fringe gene transcription
Threshold constant for activation of Lunatic fringe gene transcription by nuclear NICD
Maximum rate of Lunatic fringe mRNA degradation
Michaelis constant for Lunatic fringe mRNA degradation
Apparent ﬁrst-order rate constant for Lunatic Fringe protein synthesis
Maximum rate of Lunatic Fringe protein degradation
Michaelis constant for Lunatic Fringe protein degradation
Inhibition constant for Gsk inhibition of Lunatic fringe transcription induced by NICD
Hill coefﬁcients
Scaling factor for Notch oscillator

0.23 nM min1
2.82 nM min1
1.4 nM
3.45 min1
0.01 nM min1
0.001 nM
0.1 nM min1
0.001 nM
0.5 nM
0.1 min1
0.1 min1
3 nM min1
0.05 nM
1.92 nM min1
0.768 nM
0.3 min1
0.39 nM min1
0.37 nM
2.5 nM
2
0.3

Wnt module
a1
d1
nsB
kt3
kt4
VMK
D

Bimolecular rate constant for binding of Gsk3 to Axin2
Rate constant for dissociation of Gsk3–Axin2 complex
Maximum rate of b-catenin synthesis
Apparent ﬁrst-order rate constant for b-catenin entry into the nucleus
Apparent ﬁrst-order rate constant for b-catenin exit from the nucleus
Maximum rate of phosphorylation of b-catenin by the kinase Gsk3
Dishevelled (Dsh) protein concentration

1.8 nM1 min1
0.1 min1
0.087 nM min1
0.7 min1
1.5 min1
5.08 nM min1
2 nM
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A. Goldbeter, O. Pourquié / Journal of Theoretical Biology 252 (2008) 574–585

582
Table A.1 (continued )
Parameter

Deﬁnition

Numerical value

Kt
KID

3 nM
0.5 nM

K1
VMP
K2
kd1
kd2
v0
vMB
KaB
vmd
Kmd
vMXa
KaXa
ksAx
vdAx
KdAx
n, m
y

Total Gsk3 concentration
Constant of inhibition by Dishevelled (Dsh) of b-catenin phosphorylation by the Axin2–Gsk3
destruction complex
Michaelis constant for b-catenin phosphorylation by the Axin2–Gsk complex
Maximum rate of dephosphorylation of b-catenin
Michaelis constant for b-catenin dephosphorylation
Apparent ﬁrst-order rate constant for degradation of unphosphorylated b-catenin
Apparent ﬁrst-order rate constant for degradation of phosphorylated b-catenin
Basal rate of transcription of the Axin2 gene
Maximum rate of transcription of the Axin2 gene induced by nuclear b-catenin
Threshold constant for induction by nuclear b-catenin of Axin2 gene transcription
Maximum rate of degradation of Axin2 mRNA
Michaelis constant for degradation of Axin2 mRNA
Maximum rate of transcription of the Axin2 gene induced by factor Xa
Threshold constant for induction by factor Xa of Axin2 gene transcription
Apparent ﬁrst-order rate constant for synthesis of Axin2 protein
Maximum rate of degradation of Axin2 protein
Michaelis constant for degradation of Axin2 protein
Hill coefﬁcients
Scaling factor for Wnt oscillator

0.28 nM
1 nM min1
0.03 nM
0
7.062 min1
0.06 nM min1
1.64 nM min1
0.7 nM
0.8 nM min1
0.48 nM
0.5 nM min1
0.05 nM
0.02 min1
0.6 nM min1
0.63 nM
2
1.5

FGF module
Rast
VMaRas
KaFgf
Fgf
KaRas
VMdRas
KdRas
ERKt
VMaErk
KaErk
kcDusp
KdErk
Xt
VMaX
KaX
VMdx
KdX
VMsMDusp
KaMDusp
VMdMDusp
KdMDusp
ksDusp
VdDusp
KdDusp
q, r
Z

Total concentration of Ras protein
Maximum rate of activation of Ras
Michaelis constant for activation of Ras by FGF
FGF concentration
Michaelis constant for activation of Ras by FGF
Maximum rate of inactivation of Ras
Michaelis constant for inactivation of Ras
Total concentration of ERK protein kinase
Maximum rate of activation of ERK by Ras
Michaelis constant for activation of ERKi
Catalytic constant of phosphatase Dusp for inactivation of ERKa
Michaelis constant for inactivation of ERK
Total concentration of transcription factor X
Maximum rate of activation of Xi by ERKa
Michaelis constant for activation of Xi by ERKa
Maximum rate of inactivation of Xa
Michaelis constant for inactivation of Xa
Maximum rate of transcription of Dusp6 gene induced by transcription factor X
Threshold constant for induction by factor X of Dusp6 transcription
Maximum rate of degradation of Dusp6 mRNA
Michaelis constant for degradation of Dusp mRNA
Apparent ﬁrst-order rate constant for synthesis of Dusp6 protein
Maximum rate of degradation of Dusp6 protein
Michaelis constant for degradation of Dusp6 protein
Hill coefﬁcient
Scaling factor for FGF oscillator

2 nM
4.968 nM min1
0.5 nM
1 nM
0.103 nM
0.41 nM min1
0.1 nM
2 nM
3.30 nM min1
0.05 nM
1.35 min1
0.05 nM
2 nM
1.6 nM min1
0.05 nM
0.5 nM min1
0.05 nM
0.9 nM min1
0.5 nM
0.5 nM min1
0.5 nM
0.5 min1
2 nM min1
0.5 nM
2
0.3

For these parameter values, chosen in a semi-arbitrary manner, the numerical integration of Eqs. (A.1)–(A.16) shows that in the absence of coupling the
mRNAs of Axin2, Lunatic fringe and MKP3/Dusp6 oscillate with a period close to 66, 113 and 100 min, respectively, while the three modules oscillate
synchronously with a period close to 100 min when coupled as described in Eqs. (A.17) and (A.18). Initial conditions are (in nM): N=0.5, Na=0.2,
Nan=0, MF=0.1, F=0.01, Rasa=0.5, ERKa=0.2, Xa=0.1, MDusp=0.1, Dusp=0.1, A=0.1, K=3, B=0.1, BP=0.1, BN=0.001, MAx=0.1.

role. This transcription factor triggers the expression
of various genes, including the Axin2 gene. Activation of
b-catenin occurs through inhibition of b-catenin degradation. Wnt signaling enhances b-catenin levels by triggering
the synthesis of the Dishevelled (Dsh) protein, the level of
which will be considered as a parameter measuring the
degree of the Wnt pathway stimulation. Dsh acts by
inhibiting the kinase Gsk3, which binds to the protein
Axin2 to form the destruction complex that promotes

b-catenin phosphorylation leading to degradation of the
protein. The fact that b-catenin promotes Axin2 synthesis
produces a negative feedback loop, because Axin2 participates in the formation of the destruction complex
involved in b-catenin degradation.
The variables here are the concentrations of the
Axin2 protein (A) and Axin2 mRNA (MAx), the cytosolic
forms of nonphosphorylated (B) and phosphorylated (Bp)
b-catenin, the nuclear b-catenin (BN), the free kinase
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Gsk3 (K), and the destruction complex formed between
Axin2 and Gsk3 (AK). The time evolution of these
variables is governed by the following set of kinetic
equations:
dK
¼ yV 1 ,
dt


dB
AK
¼ y vsB  VK
þ VP þ V2  kd1 B ,
dt
Kt


dBp
AK
¼ y VK
 VP  kd2 Bp ,
Kt
dt
dBN
¼ yV2 ,
dt


dMAx
BnN
MAx
¼ y v0 þ vMB n
 vmd
,
dt
K aB þ BnN
K md þ MAx


dA
A
¼ y ksAx MAx  vdAx
þ V1
dt
K dAx þ A
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(A.8)

evidence that MKP3/Dusp6 is involved in a negative
feedback loop (Li et al., 2007), we assume that it
counteracts the effect of FGF by inactivating ERKa into
ERKi through dephosphorylation. This negative feedback
regulation results in the oscillatory activity of kinase ERKa
and of transcription factor Xa, leading to the periodic
expression of the gene MKP3/Dusp6.
The time evolution of the FGF module is governed by
the following kinetic equations Eqs. (A.12)–(A.16) for the
concentrations of active Ras (Rasa) and ERK (ERKa),
active transcription factor X (Xa), MKP3/Dusp6 mRNA
(MDusp), and MKP3/Dusp6 protein (Dusp):

(A.9)

dRasa
¼ ZðVaRas  VdRas Þ,
dt

(A.12)

(A.10)

dERK a
¼ ZðVaErk  VdErk Þ,
dt

(A.13)

(A.11)

dX a
¼ ZðVaX  VdX Þ,
dt

(A.14)

(A.6)
(A.7)

with
AK ¼ K t  K,
V 1 ¼ a1 A:K þ d 1 ðAKÞ,
V2 ¼ kt3 B þ kt4 BN ,



K ID
B
VK ¼ VMK
,
K ID þ D K 1 þ B


Bp
.
VP ¼ VMP
K 2 þ Bp
The parameters appearing in Eqs. (A.6)–(A.11) are
deﬁned in Table A.1, where the parameter values
considered for oscillations in the Wnt module in Figs. 3
and 4 are listed. Parameter y is a scaling factor that allows
us to vary the period of the Wnt oscillator relative to the
periods of the Notch and FGF oscillators.
A.3. Kinetic equations for oscillations in the FGF
signaling module
We consider a simpliﬁed scheme for the FGF signaling
pathway (see Fig. 2a) in which FGF binding to its receptor
activates, through reversible phosphorylation, the inactive
form Rasi of the Ras protein into the active form Rasa. We
describe in a single step the activation by Ras of the MAP
kinase cascade that leads to the activation, through
reversible phosphorylation, of the protein kinase ERK.
The latter kinase activates, through reversible phosphorylation, the inactive form Xi of a transcription factor X
into the active form Xa. This transcription factor, which
likely belongs to the ETS family (Lunn et al., 2007),
triggers the expression of the gene MKP3/Dusp6, which
encodes a protein phosphatase. Based on experimental

dMDusp
¼ ZðVsM Dusp  VdM Dusp Þ,
(A.15)
dt



dDusp
Dusp
¼ Z ksDusp MDusp  VdDusp
dt
K dDusp þ Dusp
(A.16)
with
Rasi ¼ Rast  Rasa ,
Fgf r
r
K aFgf þ Fgf r

VaRas ¼ VMaRas

!


Rasi
,
K aRas þ Rasi


VdRas ¼ VMdRas


Rasa
,
K dRas þ Rasa

ERK i ¼ ERK t  ERK a ,
VaErk




Rasa
ERK i
¼ VMaErk
,
Rast
K aErk þ ERK i


VdErk


ERK a
¼ kcDusp Dusp
,
K dErk þ ERK a

X a ¼ X t  X i,

VaX ¼ VMaX

VdX ¼ VMdX

ERK a
ERK t




Xi
,
K aX þ X i


Xa
,
K dX þ X a

VsMDusp ¼ VMsMDusp

X qa

K qaMDusp þ X qa

!
,

ARTICLE IN PRESS
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VdMDusp ¼ VMdMDusp


M Dusp
.
K dMDusp þ M Dusp

The parameters appearing in Eqs. (A.12)–(A.16) are
deﬁned in Table A.1, where the parameter values
considered for oscillations in the FGF module in Figs. 3
and 4 are listed. The scaling factor Z allows us to vary the
period of the FGF oscillator relative to the periods of the
Wnt and Notch oscillators.
A.4. Kinetic equations for oscillations in the coupled Notch,
FGF and Wnt signaling modules
The coupled system is governed by Eqs. (A.1)–(A.16),
with the following changes described in Eqs. (A.17) and
(A.18) below:
(1) The maximum rate vsF of expression of the Lunatic
fringe gene in Eq. (A.4) is replaced by vsFK given by the
following expression:

vsFK ¼ vsF


K IG1
.
K IG1 þ K

(A.17)

Equation Eq. (A.17) expresses the putative inhibition exerted by the free form of the kinase Gsk3 (K) on
the expression of the Lunatic fringe gene. The time
evolution of K in the Wnt pathway is given by
Eq. (A.6).
(2) Eq. (A.10) must be replaced by Eq. (A.18):

dMAx
Bn
Xm
¼ y v0 þ vMB n N n þ vMXa m a m
dt
K aB þ BN
K aXa þ X a

MAx
vmd
(A.18)
K md þ MAx
which expresses the hypothesis that the transcription of
the gene Axin2 is induced not only by b-catenin
activated in the Wnt pathway but also by transcription
factor X activated in the FGF pathway.
The new parameters appearing in Eqs. (A.17) and (A.18)
are listed in Table A.1, together with their values used in
Fig. 4.
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